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Abstract—In this article, we introduce a computationally efficient algorithm for simultaneous joint calibration and axes
alignment of multiple three-axis accelerometers or magnetometers. The proposed algorithm applies to ensembles of
sensors of the same type, fixed to the same rigid platform. It compensates for all linear time-invariant distortions, such
as scale factor, cross coupling, and offset, including the soft-iron and hard-iron distortions of the magnetometer. It can be
implemented in a simple 12-step sequence and provides fast and accurate calibration without requiring any special piece
of equipment.

Index Terms—Sensor systems, accelerometer, axes alignment, calibration, inertial sensors, magnetometer.

I. INTRODUCTION

Inertial and magnetic sensors are widely used in a broad variety
of applications, from low-cost commercial systems (smartphones,
activity trackers, etc.) to high-end marine, aerospace, and military
ones. Typical application fields include navigation [1], attitude esti-
mation [2], image stabilization [3], etc. Expensive, calibrated, high-
accuracy sensors are used in many industrial and military applications.
However, in commercial systems where cost is of ultimate importance,
integrated, minimum-cost inertial, and magnetic sensors are preferred.

Inertial sensors in microelectromechanical form have become very
popular over the past decades as they combine very small size with very
low cost. Their main drawback is their large error characteristics [4]
that must be compensated if accuracy is needed. Integrated magnetic
sensors also require calibration; even if their inherent accuracy is
satisfactory, when embedded to a system, the so-called hard-iron and
soft-iron distortions must be removed.

Hard-iron distortion is the additive magnetic field created by mag-
netic objects attached to the reference frame of the sensor. Soft-iron
distortion is the alteration of the existing magnetic field caused by
ferromagnetic materials attached to the sensor’s frame. Both these
distortions are usually caused by electronic components in the vicinity
of the sensor or materials used in the sensor’s enclosure.

Note that postproduction factory calibration requires using special
calibration equipment and/or services, both of which dramatically
raise the final cost of the sensors. Therefore, factory calibration is
not typically an option for low-cost systems. Thus, when accuracy is
important, a calibration procedure that can be applied without using
any special piece of equipment is required.

As far as three-axis accelerometers are concerned, most authors
exploit the constant magnitude of the gravity for calibration purposes.
More specifically, the calibration parameters are derived by measuring
the sensor’s output when it is placed in several different still positions.
The calibration problem is posed either as a minimization problem
[5]–[8] or as an estimation one [9].

In a similar way, for three-axis magnetometer calibration, the mag-
netic field of the earth is most commonly used as a reference. Using
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the fact that the magnitude of the measured magnetic field should
be locally constant (away of magnetic disturbances), the calibration
parameters are calculated by solving a minimization [8], [10]–[14] or
an estimation [15] problem.

The similarity in the calibration approach of accelerometers and
magnetometers, based on similar physical principles, allows develop-
ing and using a single algorithm to calibrate both of them.

While there are several efficient calibration algorithms for a sin-
gle accelerometer or magnetometer, in many applications, multiple
sensors of the same kind are used to improve the measurement’s
accuracy [16]. Renaudin et al. [17] use a platform containing mul-
tiple magnetometers for orientation estimation. Six accelerometers
arranged on a cube are used in [18] for a gyroscope-free inertial nav-
igation application. In such cases, even if the sensors are individually
calibrated, an extra step to align their sensitivity axes is required. This
by itself is not a trivial step and requires multiple measurements and
rotation matrices calculation.

In this article, we expand the algorithm introduced for a single-
sensor’s calibration in [8] to the case of multiple sensors. The proposed
algorithm simultaneously addresses the calibration of multiple sensors
and the alignment of their axes. It is based on a low computational cost
iteration of a least-squares problem providing fast convergence and
accurate calibration. It is applied using a simple 12-step sequence of
platform’s orientations and requires no special piece of equipment.
Simulation and experimental results prove the algorithm’s perfor-
mance and efficiency.

II. SENSORS’ MEASUREMENT MODEL AND THE
PROBLEM OF CALIBRATION

In this section, we introduce the problem of simultaneous joint
calibration and axes alignment of multiple three-axis accelerometers
or magnetometers. To do so, we first derive a general model relating
the sensors’ measurements with the true values of the specific force or
the magnetic field.

A. Accelerometer’s Measurement Model

The measurement of an accelerometer is modeled as in [4] and [19],

ya = f + Tsf f + Tcc f + ha + ε (1)
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where ya is the 3 × 1 measurement vector, f is the 3 × 1 true specific
force vector, Tsf is the 3 × 3 diagonal matrix representing the scale-
factor error, Tcc is the 3 × 3 matrix representing the cross-coupling
error, ha is the 3 × 1 accelerometer’s offset vector, and ε represents
the 3 × 1 random noise vector.

Defining matrix Ta � I3 + Tsf + Tcc, where I3 is the 3 × 3 identity
matrix, (1) can be written as

ya = Ta f + ha + ε. (2)

B. Magnetometer’s Measurement Model

The measurement of a magnetometer is modeled follow-
ing [11], [14], [20], and [21]

ym = Tsf Tcc (Tsim + hhi ) + hb + ε (3)

where ym is the 3 × 1 measurement vector, m is the 3 × 1 true magnetic
field vector, Tsf denotes the 3 × 3 diagonal matrix representing the
scale-factor error, Tcc is the 3 × 3 matrix representing the cross-
coupling error, Tsi is the 3 × 3 matrix modeling the soft-iron distortion,
hb is the 3 × 1 magnetometer’s offset vector, hhi is the 3 × 1 offset
vector due to hard-iron distortion, and ε denotes the 3 × 1 random
noise vector.

Defining matrices Tm � TsfTccTsi and hm � TsfTcchsi + hb, the mag-
netometer’s measurement model becomes

ym = Tmm + hm + ε. (4)

C. Calibration as an Optimization Problem

The measurement models of the two sensors share the same form,
and thus, we can use the general model of the following equation to
formulate both sensors calibration process as the same optimization
problem:

y = T n + h + ε. (5)

The purpose of the calibration is to estimate the 3 × 3 matrix T and
the 3 × 1 vector h in order to minimize the measured noise ε strength.

The advantage of the proposed calibration method is that no special
calibration equipment is needed, e.g., turntable for the accelerometer
or Gauss magnetic chamber and Maxwell coils setup for the magne-
tometer. This implies that the true specific force or the true magnetic
field vectors are unknown.

Note, however, that the magnitude of the true specific force and that
of the true magnetic field are fixed when the accelerometer is still and
the magnetometer is in static and uniform magnetic field. Assuming
that the calibration measurements were taken under these conditions,
without loss of generality, we assume that in (5), it is always ‖n‖ = 1.
All norms in this letter are two-norms unless it is indicated otherwise.

Assuming K measurements y1, y2, . . ., yK and writing (5) as yk =
T nk + h + εk , we define the cost function J1, capturing the total error

J1 =
K∑

k=1

‖εk‖2 =
K∑

k=1

‖yk − T nk − h‖2 (6)

and form the following optimization problem whose solution is the
calibration pair T , h and the field vectors nk , k = 1, 2, . . . , K :

minimize
T,h,nk

J1

subject to ‖nk‖ = 1, k = 1, 2, . . ., K. (7)

Note that when (7) is used for a single-sensor’s calibration, the
calibration matrix T is derived subject to orthogonal multiplication

uncertainty. Specifically, if we replace T with T Q and n with QT n,
where Q ∈ O(3), the resulting measurement y is unaltered. Thus, if
multiple sensors are individually calibrated using (7), a misalignment
between their sensitivity axes is expected.

To overcome this, we expand the single-sensor calibration algorithm
(7) to (multiple) L-sensor calibration algorithm incorporating the
alignment of the sensors’ axes as well. Let nk , k = 1, 2, . . . , K be
the kth unit field vector, simultaneously exciting all L sensors, and
denote by y�,k and ε�,k the corresponding measurement and error of the
�th sensor � = 1, 2., . . ., L. Moreover, let T� and h� be the �th sensor’s
calibration matrix and offset vector, respectively. We write (5) in the
matrix form

Y = T N + H + E (8)

where Y is the measurements matrix, E is the errors matrix

Y =

⎡

⎢⎢⎢⎢⎢⎢⎣

y1,1 y1,2 . . . y1,K

y2,1 y2,2 . . . y2,K

...
...

. . .
...

yL,1 yL,2 . . . yL,K

⎤

⎥⎥⎥⎥⎥⎥⎦
, E =

⎡

⎢⎢⎢⎢⎢⎢⎣

ε1,1 ε1,2 . . . ε1,K

ε2,1 ε2,2 . . . ε2,K

...
...

. . .
...

εL,1 εL,2 . . . εL,K

⎤

⎥⎥⎥⎥⎥⎥⎦

T and H are the calibration matrices in block form

T =
[
T T

1 T T
2 . . . T T

L

]T

H =
[
hT

1 hT
2 . . . hT

L

]T [
1 1 . . . 1

]

and N is the set of true specific force or magnetic field vectors, common
to all sensors

N =
[
n1 n2 . . . nK

]

As in the case of a single sensor, the cost function capturing the total
error is expressed as

JL =
L∑

�=1

K∑

k=1

‖ε�,k‖2 = ‖E‖2
F = tr(ET E ) (9)

where the subscript F denotes the Frobenius norm [22]. The corre-
sponding optimization problem becomes

minimize
T,H,N

JL

subject to ‖nk‖ = 1, k = 1, 2, . . ., K.

(10)

Note that in (10), the set of unit-magnitude vectors nk is common
for all sensors, resulting in the alignment of their axes.

III. PROPOSED ALGORITHM

A typical way to solve optimization problems like (10) is by using
the gradient descent or the Newton–Raphson methods. However, both
of these methods depend strongly on a good initial estimate of the
unknowns in order to converge. Especially in the magnetometer’s case,
finding an initial estimate is not trivial due to the uncertainty of soft-iron
and hard-iron distortions reflecting on more challenging structures of
T and H . In this article, we propose a computationally efficient, least-
squares-based, iterative algorithm for solving (10) and achieving joint
calibration and axes alignment of multiple sensors.
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Algorithm 1: Proposed Algorithm.

Step 1: Initialize Tl = I3 and hl = 03×1, l = 1, 2, . . ., L
Step 2: Calculate Ñ using (11) and form N as in (12)
Step 3: Formulate matrices X and G according to (13)
Step 4: Calculate X using (14)
Step 5: Extract T and H from X
Step 6: Calculate J1, for every sensor according to (6)
Step 7: Repeat steps 2–6 until J1 is sufficiently small for every

sensor

A. Algorithm Description

In order to solve (10), we form a two-step algorithm. In the first
step, we use an estimation of the calibration matrices T and H in order
to solve for matrix N . Then, using the new matrix N , we improve our
estimation of T and H while forcing the magnitude of the true specific
force or magnetic field to be equal to one.

Given a set of K measurements, every iteration begins by calculating
N using the estimate of T and H from the previous one. Assuming T
is of full rank, we solve (8) using the least-squares method [23]

Ñ = (T T T )−1T T (Y − H ). (11)

To ensure that the true specific force or the true magnetic field vectors
nk , k = 1, 2, . . . , K are of unit norm, we form the new estimate of N
using the column vectors ñk , k = 1, 2, . . . , K of Ñ as follows:

N =
[

ñ1
‖ñ1‖

ñ2
‖ñ2‖ . . .

ñK
‖ñK ‖

]
. (12)

Using this estimate of N , we rewrite (8) as

Y = XG + E (13)

where

X =
[

T T
1 T T

2 . . . T T
L

hT
1 hT

2 . . . hT
L

]T

, G =
[

N

11×K

]
.

The updated T and H are derived by solving (13) for X in the
least-squares sense. Assuming G is of full rank, we get

X = Y GT (GGT )−1. (14)

The proposed algorithm is summarized in Algorithm 1. It is initiated
using T1 = T2 = · · · = TL = I3 and h1 = h2 = · · · = hL = 03×1.

The convergence of the algorithm could be evaluated in every
iteration by using the cost function JL . However, JL does not provide
any information about the calibration of each individual sensor. Thus,
we prefer to use the cost function J1, evaluated for every sensor, as a
metric of convergence.

B. Measurements Acquisition Procedure

The proposed algorithm jointly calibrates and aligns the axes of
multiple accelerometers or magnetometers when they are all mounted
on the same rigid platform. To that purpose, we recommend the 12-step
measurement acquisition procedure introduced in [8], also shown in
Fig. 1. Note that the steps in Fig. 1 should not be confused with the
steps of Algorithm 1.

The (X,Y, Z ) coordinate system in Fig. 1 denotes the plat-
form’s body frame, whereas the (X̃ , Ỹ , Z̃ ) coordinate system denotes
the inertial reference frame that is fixed. The respective y�,k, � =
1, 2, .., L, k = 1, 2, .., 12 is measured while the platform is still in each
orientation.

Fig. 1. Recommended sequence of approximate orientations.

Note that the orientations of the sensors’ platform in Fig. 1 are meant
to be approximate; no accuracy is needed. Orientation and placement
of the sensor can be done by hand with an accuracy of about +/ − 15◦

of Euler angle.

IV. EXPERIMENTAL AND SIMULATION RESULTS

The proposed algorithm‘s performance is evaluated using both
sensors’ measurements, from two three-axis magnetometers mounted
on the same rigid platform, and simulated data of a large number
of sensors (L = 12). Both measured and simulated data follow the
measurement procedure in Fig. 1.

In Figs. 2 and 3, the algorithm’s convergence using measured and
simulated data, respectively, is presented. In both cases, the algorithm
converges to a small value of the cost function in a way that appears
to be monotonic.

In Fig. 2, the fractional mean magnitude error as a function of
the iteration is also shown as a metric of the algorithm’s accuracy.
Note that it becomes significantly small after a few iterations, even
before the cost function converges. This fact, in combination with
the small computational burden of each iteration, demonstrates the
computational efficiency of the proposed algorithm.

In Fig. 4, the raw and calibrated magnetometers’ measurements
magnitude, while the measurement platform is rotated in five different
orientations, are presented. As the measurement took place away from
any magnetic disturbance, the measured magnetic field should be of
constant magnitude. As seen in Fig. 4, the magnitude of the raw
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Fig. 2. Algorithm’s convergence using measured data—Fractional
mean magnitude error.

Fig. 3. Algorithm’s convergence using simulated data.

Fig. 4. Raw and calibrated magnetometer’s measurements magni-
tude while the two sensors are placed in 5 different orientations.

measurements changes when the sensor is rotated while the magnitude
of the calibrated data is constant and independent of the platform’s
orientation.

V. CONCLUSION

In this article, we introduced a computationally efficient algo-
rithm for joint calibration and axes alignment of multiple three-axis
accelerometers or magnetometers. It provides fast convergence and
accurate calibration and axes alignment without requiring any special
piece of equipment. The efficiency and the accuracy of the algorithm
are demonstrated using both measured and simulated sensors’ data.
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