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Abstract—All-digital frequency synthesis architectures with
phase and polar Σ–Δ modulation feedback loops are introduced
as a means to overcome the inherent spectral-quality limitations
of forward-dithered all-digital frequency synthesizers represented
by the family of pulse direct digital synthesizers. The spectrum
of dithered pulse direct digital synthesizers is derived first, with
and without modulation, as well as that of their variations with
multiple dithered paths and with colored dithering resulting in
lower noise level. The limited dynamic range achieved by forward-
dithered all-digital frequency synthesizers motivates the intro-
duction of phase and polar Σ–Δ modulation feedback loop
architectures which are modeled and analyzed to derive their noise
transfer functions. Extensive MATLAB simulation illustrates the
suppressed near-in noise and the high spurs-free dynamic range
the two Σ–Δ schemes can achieve and the wideband spurs-free
output of the polar one. Detailed analysis and implementation
aspects of the techniques are outside the scope of the paper.

Index Terms—Digital signal processing, digital-to-analog con-
verter, digital-to-frequency converter, direct digital synthesis, feed-
back loop, filter, frequency spurs, noise shaping, quantization,
spectrum, stability.

I. INTRODUCTION

THERE are at least two reasons making direct all-digital
frequency synthesizers with single-bit output attractive.

The first is the convenience of digital circuits in terms of
design and operation, especially for VLSI implementation. The
powerful automation tools for design, verification and layout
of digital circuits and the convenience of almost automated
migration of existing ones to future technology nodes offer a
tremendous advantage over analog and mixed-signal alterna-
tives whose design or migration becomes more and more chal-
lenging with technology downscaling. In addition, all-digital
frequency synthesizers may take less chip area, they are easier
to co-integrate with DSP blocks and are more noise and PVT
variation tolerant than their analog counterparts.

A second noteworthy advantage of single-bit output all-
digital frequency synthesizers is their potential to achieve
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Fig. 1. Basic form of DDS.

higher dynamic range (DR) as well as spurious free dynamic
range (SFDR) near-in in comparison to the classical direct
digital synthesizes (DDS) [1]. The reason is that although
standard DDS (Fig. 1) can have very high DR and SFDR
in the digital domain, the conversion to the analog domain
with a multi-bit DAC degrades the spectral quality [2]. The
DAC’s limited number of effective bits (ENOB) (small for
high sampling rates) and its nonlinearity in general are major
sources of spurs and noise in DDS and constitute the dominant
limiting factors in DDS’ SFDR and DR. In addition, high speed
DACs are challenging to design and are very power hungry.
In contrast to classical DDS, all-digital frequency synthesizers
with single-bit output have a serial 0/1 binary output which is
easier to convert to the analog domain. With only two levels, the
possible conversion errors in a carefully designed circuit are the
amplitude and the offset, both of which are negligible for most
applications, compared to those of a fast multi-bit DAC.

This paper reviews recent all-digital frequency synthesis
techniques with forward dithering for spurs elimination and
introduces two new feedback architectures capable of achieving
high SFDR and DR near-in. The approach is from an abstract
point of view and it is constrained to the presentation of a
brief mathematical analysis and a qualitative illustration of
the concepts. Detailed analysis and hardware implementation
aspects are outside of this paper’s scope.

Specifically, Section II discusses the concept of pulse-DDS
and its equivalence to single-bit sinewave quantization illus-
trating the constraints of it in generating a spectrally clean
single-bit output. This motivates the use of dithering. A brief
derivation of the generated spectrum using dithering with
and without amplitude modulation is provided. The derived
noise floor level indicates the need for noise shaping/reduction
techniques. The use of parallel quantization paths for noise
reduction is presented and analyzed, and the use of colored
dithering is discussed briefly.
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Fig. 2. PDDS with amplitude random dithering.

Fig. 3. Spectrum of undithered PDDS with w = 25 and n = 6. See footnote1.

Section III introduces the phase and the polar Σ–Δ
modulation—all-digital frequency synthesis architectures. The
first one uses simple phase-error estimation of the quantized
output and feedback. A brief mathematical analysis is pre-
sented based on simplifying assumptions to extract a small-
signal model and derive the noise transfer function from the
dither source to the output. MATLAB simulation illustrates the
capabilities of the architecture. Addition of amplitude feedback
results in the Polar Σ–Δ modulation scheme which implements
amplitude control by controlling the power (standard deviation)
of the dithering sequence. A brief mathematical analysis of this
highly nonlinear two-coupled loop scheme provides insight of
its operation. MATLAB simulation illustrates the capabilities
of high near-in SFDR and DR and wideband spurs-free output
of the architecture.

II. FORWARD ARCHITECTURES

Efforts to develop fully-digital frequency synthesizers offer-
ing all advantages of digital circuits date at least three decades
back [3]–[5]. A way to get such architectures is to remove the
DAC in DDS (Fig. 1), i.e., the only analog/mixed-signal block
in standard DDS, and use for example the MSB of the LUT as
the output (see footnote1). This leads to the finite state machine
(FSM) with single-bit (SB) output in Fig. 2, often called pulse-
DDS (PDDS). This direct all-digital synthesizer that does not
have an oscillator (in contrast to all-digital PLL [6], [7]) has the
inherent challenge of generating a single-bit digital output with
the desirable sinewave-like spectrum using only timing of the
reference clock [3], [8].

With the exception of generating an output frequency equal
to an integer fraction of the clock, the output waveform is
irregular with high deterministic jitter and a spectrum full of
strong spurs which can be very close to the carrier, as shown in
Fig. 3. This general problem of FSM type architectures with SB
output demands the use of additional techniques for suppressing
the strong spurious signals. Several such techniques have been
proposed [8] with random dithering being the only purely
digital one.

Fig. 4. Dithered single-bit-quantized sinewave imitating PDDS.

The problem of generating spurious-free output with a
dithered PDDS has been studied in abstract form in [9]. It
is shown that random dithering having appropriate statistics
results in spurs-free output [9]–[11]. However, in some sense,
dithering converts the frequency spurs into a noise floor.

A. Eliminating Spurs With Dithering

Consider the DDS and the PDDS schemes in Figs. 1 and 2
respectively. The finite resolution of the LUT’s output intro-
duces a representation error of the cosine function in the order
of −6m dBc [12]. This error is negligible compared to that
introduced by the crude single-bit (MSB) quantization at the
output in Fig. 2. This motivates the abstract model in Fig. 4,
which is approximately equivalent to that in Fig. 2 and whose
accuracy improves with m.

The phase of the cosine in Fig. 4 is Ωk, where k ∈ Z is the
discrete time index and Ω is the discrete-time frequency.

Using an n-Bit phase accumulator Ω = 2πw/2n, where
0 < w < 2n−1 is the frequency control word. The accumula-
tor’s value is Phk = (kw) mod 2n and the LUT implements
the function cos(2πPhk/2

n) = cos(Ωk). The quantization in
Fig. 2 is practically equivalent to applying the signum function,
as in Fig. 4, i.e.,

xk = sgn (cos(Ωk)− uk) (1)

which can be expressed as

xk =

⎧⎪⎨
⎪⎩
1 if uk < cos(Ωk)

−1 if uk > cos(Ωk)

0 otherwise.

(2)

Also, since the desirable output is cos(Ωk) we define the error

ek
∧
= xk − cos(Ωk) and so

xk = cos(Ωk) + ek. (3)

The dithering sequence {uk} in Fig. 4 is assumed random.
It is interesting however to consider first the case without
dithering, i.e., when uk = 0 for all k. Then, with the exception
of values of w which are powers of 2, the spectrum of xk is full
of spurs. Specifically the spurs are at frequencies1 ω� = Ω +
2π� · gcd(2w, 2n)/2n, � ∈ Z. Fig. 3 shows the output spectrum
for w = 25 and n = 6.

Now, if {uk} is a random sequence, the output xk is also
random but not wide-sense stationary. To define the spectrum

1I.e., the spectrum of xk = ((kw + x0) mod 2n)div2n−1 which is a
meaningful PDDS implementation. x0 is the initial state of the accumulator.
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of {xk} we derive the time-average autocorrelation (TAA)
function of it, [13]

r̄x(k) = lim
M→∞

1

2M + 1

M∑
m=−M

E{xk+mxm} (4)

and take the discrete-time Fourier transform (DTFT) of it

sx(ω) =

∞∑
k=−∞

r̄x(k)e
−jkω . (5)

The TAA and spectrum definitions are applied similarly to all
random and deterministic sequences we encounter [13].

From here on we assume that the dithering sequence {uk}
is formed of random variables which are independent and
uniformly distributed (IUD) in [−1, 1]. We discuss some simple
facts which we use later in our derivations. Let us consider
Fig. 4 and for convenience define vk = cos(Ωk) which takes
values in [−1, 1] for every Ω and k. From xk = sgn(vk − uk)
we have that xk ∈ {±1} (note that the probability of xk = 0 is
zero and is ignored) and that for every vk ∈ [−1, 1] it is

Pr(xk = 1) =
(1 + vk)

2

Pr(xk = −1) =
(1− vk)

2
. (6)

Equation (6) implies E{xk} = vk and since xk = vk + ek
from (3) we get E{ek} = 0 as well as E{e2k} = 1− v2k. Since
{uk} is a sequence of independent random variables so is the
sequence {ek}. Therefore we conclude that

E{ek+mem} =
(
1− v2m

)
δk (7)

where δk is the discrete time Dirac function. Moreover

E{xk+mxm} = vk+mvm + E{ek+mem}. (8)

Calculating the TAA of {ek} we have

r̄e(k) = lim
M→∞

1

2M + 1

M∑
m=−M

E{ek+mem}

=

[
lim

M→∞

1

2M + 1

M∑
m=−M

(
1− cos2(mΩ)

)]
· δk=

δk
2
.

Moreover the TAA of the desirable output {vk} is given by

r̄v(k) = lim
M→∞

1

2M + 1

M∑
m=−M

E{vk+mvm} =
1

2
cos(kΩ).

Equation (8) implies r̄x = r̄v + r̄e and the spectral super-
position

sx(ω) = sv(ω) + se(ω). (9)

Writing the discrete-time angular frequency as ω = 2πf/fs,
where fs is the sampling (clock) frequency, it can be shown

Fig. 5. Output spectrum of PDDS with random variables {uk} being IUD in
[−1, 1]. Parameter values are w = 25 and n = 6. Clock frequency is set to
fs = 1 GHz, averaging (NAV) is set to 10 frames and resolution bandwidth
(RBW) is 3125 Hz.

Fig. 6. Uniformly dithered single-bit quantized amplitude-modulated
sinewave.

taking the DTFT of r̄v and r̄e that

sv

(
2πf

fs

)
=

1

4

∞∑
k=−∞

δ

(
f

fs
± Ω

2π
− k

)
(10)

and se(ω) = 1/2, so the error spectrum is flat,2 Fig. 5 [11].
The output is spurs-free and the DR, defined as the ratio

of the power of the desirable signal to the power spectral
density (PSD) of the near-in noise se is DR = 10 log10(fs)−
3.01 dB, (in the continuous time-domain) [10], [11]. Note
that the dynamic range observed in Fig. 5, and in a spectrum
analyzer, is 10 log10(RBW)dB less than the actual DR due to
the Resolution Bandwidth (RBW) of the measurement, i.e., in
Fig. 5 it is 87− 10 log10(3125) = 52.

Amplitude modulation (AM) can be achieved by inserting
a digital multiplier immediately after the LUT in Fig. 2. This
is modeled in Fig. 6 where cos(Ωk) has been replaced by
Ak cos(Ωk). We set vk = Ak cos(Ωk) for convenience. The
previous derivations are valid here as well and (7) is replaced
by [10]

E{ek+mem} =
[
1− E

{
A2

m

}
cos2(mΩ)

]
δk. (11)

If Ak is deterministic and as long as |Ak| ≤ 1 and
{Ak} is band-limited by ΩA with 0 < ΩA < Ω < π − ΩA,
then sx(ω) = sv(ω) + se(ω) where sv is the spectrum of
Ak cos(Ωk) defined as before [10]. Moreover se(ω) = 1−
Ā2/2, where Ā2 is the average power of {Ak}. So, the
noise floor is flat again and the DR is defined accordingly.
Fig. 7 shows the spectrum when w = 15, n = 6, Ak = 1/2 +
(1/2) sin(Ωmod k), Ωmod = 2π · 0.045, fs = 1 GHz, averag-
ing is on 10 frames, resolution bandwidth is 142 Hz.

When {Ak} is a wide-sense stationary random sequence,

let rA(n)
Δ
= E{An+mAm}, it is sx(ω) = sv(ω) + se(ω) as

before where sv(ω) = [sA(ω − Ω) + sA(ω + Ω)]/4 is the

2In the discrete-time domain. In the continuous-time domain the shape of the
output pulses has to be taken into account as well.
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Fig. 7. Output spectrum when Ak = 1/2 + (1/2) sin(kΩmod ).

Fig. 8. Averaging the outputs of two PDDS with opposite dithers.

spectrum of {Ak cos(Ωk)} derived using the TAA. Again the
output is spurs-free with se(ω) = 1− rA(0)/2, [10].

B. Enhancing the Dynamic Range by Parallel Paths

A way to reduce the noise floor introduced by dithering is
to use two opposite-dithered quantization paths following the
cosine LUT, and add the outputs as shown in Fig. 8. Although
the output is not binary, it is differential 0, ±1. The output
1/2 gain is only for allowing comparison to previous scheme.

The random sequence {uk} is formed of IUD in [−1, 1]
random variables as before. The output signal is

xk =
1

2

(
sgn (cos(Ωk)− uk) + sgn (cos(Ωk) + uk)

)
(12)

which with probability one is

xk =

{
sgn (cos(Ωk)) if |uk| < |cos(Ωk)|
0 otherwise.

(13)

Using the derivations of Section II-A and since both random
sequences {±uk} are uniformly distributed in [−1, 1] we have
E{xk} = cos(Ωk). Moreover since xk+m and xm are indepen-
dent, for k �= 0 it is r̄x(k) = (1/2) cos(kΩ). Also, since {uk}
is uniformly distributed in [−1, 1], (13) gives Pr(x2

m = 1) =
| cos(mΩ)| for every m. It can be seen that

r̄x(0) =

⎧⎨
⎩

sin( 2π
2r )

2r−1[1−cos( 2π
2r )]

if r ≥ 2

1 otherwise

where r = n− log2(gcd(2
n, w)), [11]. Combining the above

r̄x(k) =
1

2
cos(Ωk) +

(
r̄x(0)−

1

2

)
δk. (14)

Setting the desirable output vk = cos(Ωk) as before we
have r̄v(k) = cos(kΩ)/2. Extrapolating on the results of the
previous section we have xk = vk + ek as well as r̄x(k) =
r̄v(k) + r̄e(k) leading to sx(ω) = sv(ω) + se(ω), [11].

Fig. 9. Spectrum using opposite dithering. Parameter values are w = 25 and
n = 6, clock frequency is fs = 1 GHz, averaging (NAV) is set to 10 frames
and Resolution Bandwidth (RBW) is 3125 Hz.

Fig. 10. Multi-path PDDS with parallel independent dithering paths.

Therefore the PSD of the signal is given by Eq. (10), as before,
whereas the noise PSD is given by se(ω) = r̄x(0)− (1/2).

We conclude that when w �= 2n−2 (division by 4) the dy-
namic range is DR ∼= 10 log10(fs) + 2.61 (dB), i.e., about
5.6 dB higher than in the case of Fig. 5, [11]. The corresponding
spectrum is shown in Fig. 9 where DR = 92.6 dB.

Another similar scheme reducing the noise floor level is
shown in Fig. 10. Here M dithering and quantization paths
are used with mutually independent random sequences {u�

k},
� = 1, 2, . . . ,M , each formed of IUD in [−1, 1] random vari-
ables. Although it is not a single-bit output scheme, the output
averaging is easy to achieve at the circuit or the antenna level.

The output of every individual path � = 1, 2, 3, . . . ,M is
x�
k = sgn(cos(kΩ)− u�

k) and we can define the corresponding
error as before, i.e. x�

k = cos(kΩ) + e�k. Then the output is
expressed as xk = cos(kΩ) + (1/M)

∑M
�=1 e

�
k. Since the noise

components, e�k, � = 1, 2, 3, . . . ,M are mutually independent,
the output noise power is 1/M times that of the simple scheme
in Fig. 4. Therefore, the scheme results in dynamic range
DR = 10 log10(fs) + 10 log10(M)− 3.01 (dB), demonstrat-
ing an improvement of 10 log10(M) dB compared to that of
the scheme in Fig. 4, [11].

C. Enhancing the Dynamic Range With Colored Dither

Finally, colored uniformly distributed dither instead of white
(IUD) one can result in spurs-free output with slightly higher
DR, e.g., about 2.5 dB better as shown in Fig. 11 [11].

However, the computational cost of generating appropriately
colored and marginally uniformly distributed random dithering
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Fig. 11. Colored-dithered PDDS output spectrum (left). Spectrum of the
colored, uniformly distributed dither (right).

sequences is in most cases disproportionate to the improve-
ments in the dynamic range [14].

D. Comments on the Forward Architectures

Although dithering in forward architectures may remove
spurs it does introduce noise in the form of a noise floor. White
uniformly distributed (IUD) dithering results in dynamic range
in the order of 10 log10(fs). Colored dithering sequences can
improve the dynamic range but not significantly [11]. Other
classes of similar synthesizers like Flying-Adder and all-digital
period-synthesizers typically suffer from the same output noise
floor, when dither is used to eliminate the spurs [15]–[21].
These limitations motivate the use of a feedback mechanism to
shape the PSD of the noise away from the carrier. Σ–Δ modu-
lation comes as a natural choice and two new such architectures
are introduced in the following section.

III. FEEDBACK (Σ–Δ) ARCHITECTURES

The inherent disadvantage of the forward dithering tech-
niques for spurs suppression is that the power of dither spreads
throughout the whole spectrum raising the noise floor level, as
shown in Fig. 5.

The use of colored dither as in Fig. 11 appears to have limited
ability in shifting noise power away from the carrier. This is
because of the strong nonlinearity of the quantizer’s signum
function which acts as a signal mixer blending the colored noise
spectrum with the carrier signal’s harmonic frequencies. To the
best of the author’s knowledge there is no formal bound on how
much colored dither can shape the output noise spectrum to
our desire. On the other hand, experience indicates that gen-
erating in real time any potentially useful colored dither with
appropriate statistics is challenging in terms of computational
complexity.

Feedback Σ–Δ architectures instead are very efficient in
noise shaping resulting in high DR and ideally spurs-free
band of interest in many signal processing architectures [2],
[22]–[24]. The concept of Σ–Δ modulation is used here to
generate single-bit output synthesizers with sinewave-like and
clean near-in spectrum.

Two new classes of such synthesizers are introduced in the
following sections, the Phase-Domain Σ–Δ Modulator and the
Polar Σ–Δ Modulator.

A. Phase-Domain Σ–Δ Modulation

The case of forward dithering in Fig. 4 with IUD dither
results in spurs-free output. It can be shown that we get the

Fig. 12. Phase-dithered synthesizer with spurs-free output.

Fig. 13. Phase noise feedback.

same spurs-free output spectrum with flat noise floor (discrete-
time domain) using the architecture in Fig. 12, [9].

The output is xk=sgn(cos(Ωk+uk)) where uk=arcsin(vk)
and vk is an IUD dither as before. Note that the dither here is in
the phase of the cosine instead of the amplitude as in Fig. 4.

To reduce the output noise level introduced by the dither, at
least in the vicinity of the carrier frequency Ω, one can consider
estimating the phase error of the quantized output xk , with
cos(Ωk) as the reference, and feeding it back in the form of
δk as shown in Fig. 13.

Setting εk
Δ
= uk + δk we write the phase as θk = Ωk + εk.

Expressing the output xk as a Fourier series gives [25]

xk =
4

π

∞∑
n=0

(−1)n

2n+ 1
cos ((2n+ 1)Ωk + (2n+ 1)εk) (15)

with the fundamental harmonic term being cos(Ωk + εk). Mul-
tiplying the last one by sin(Ωk) gives

sin(Ωk) cos(Ωk+εk)=−1

2
sin(εk)+

1

2
sin(2Ωk+εk). (16)

To illustrate the architecture we make some simplifying
assumptions: Feedback δk is such that the phase deviation
εk is small and with low frequency content; and, the higher
harmonics (n = 1, 2, 3, . . .) have small amplitude or are far in
frequency from the fundamental. Note that uk here (Fig. 13)
can be small and low-pass by construction (in contrast to uk in
Fig. 12). Based on these assumptions sin(εk) ∼= εk and

sin(Ωk)xk
∼= − 2

π
εk + Higher Frequency Terms. (17)

Therefore, we can extract εk by low-pass filtering sin(Ωk)xk .
The complete operation is captured in Fig. 14 where F (z) is a
low-pass filter.

Based on the simplifying assumptions, an approximate lin-
ear phase-domain model of the phase error εk is shown in
Fig. 15 We conclude that the dithering-to-output-phase noise
transfer function is

NTF(z)
Δ
=

E(z)

U(z)
=

π

π + 2KF (z)
. (18)
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Fig. 14. Phase-domain Σ–Δ modulation scheme.

Fig. 15. Approximate linear model of the phase error εk .

Fig. 16. Spectrum of the phase-domain Σ–Δ single-bit frequency synthesizer.
Parameters: w = 8001, n = 15, clock is fs = 1 GHz, averaging is set to 14
frames and resolution bandwidth is 3391 Hz.

Then the PSD of εk which approximately captures the
residual phase noise of the output is given by Sε(ω) =
|NTF(ejω)|2Su(ω). It can be useful to select F (z) such that
|F (ejω)| → ∞ as ω → 0 so that we also get Sε(ω) → 0. Using
an integrator as a filter, i.e. F (z) = z−1/(1− z−1), so that the
loop in Fig. 15 resembles a standard first-orderΣ–Δ modulator,
we get that

Sε(ω) =
2π2 (1− cos(ω))

π2+(2K−π)2+2π(2K−π) cos(ω)
Su(ω) (19)

and the resulting spectrum is illustrated in the example below.
Stability: For the modulator loop to be meaningful it has to

be stable. If one considers given the fixed filter F (z) then one
can derive the interval(s) of the gain coefficient K for which the
loop is stable. Root locus techniques and the Nyquist diagram
can be helpful [22].

Example: For Ω = 2πw/2n with w = 8001, n = 15, K =
0.05 and using low-pass dithering, the output spectrum is shown
in Fig. 16 whereas the spectrum of sgn(cos(Ωk)) is shown in
Fig. 17 for comparison.

Figs. 18 and 19 are zoom-in versions of Figs. 16 and 17 re-
spectively demonstrating the near-in spectrum. In Fig. 18 the
dashed white line is the estimated near-in noise based on (19).
Note that the spectrum in Fig. 18 is estimated with RBW of
223 Hz and so the near-in DR is in principle 23.5 dB higher
than shown in the figure, i.e., about 118.5 dBc/Hz. The clarity

Fig. 17. Spectrum of undithered PDDS with w = 8001, n = 15.

Fig. 18. Zoom-in of Fig. 16.

Fig. 19. Zoom-in of Fig. 17.

of the near-in spectrum however should be verified further with
simulation as spurs may be hidden under the noise floor.

The advantage of the phase-domain Σ–Δ modulator in
Fig. 14 is its low computational requirements. Especially in the
case that no dither is used and the simple integrator is used as
the loop filter, the structure is essentially multiplier-less since
the multiplication is only with ±1. Moreover, the cosine LUT
is not needed in practice as the output is only the sign of it.

On the other hand the disadvantage of this architecture is that
it cannot control the amplitude of the cosine component of the
output signal. This results in large spurs away from the carrier.

B. Polar Σ–Δ Modulation

To bypass the limitations of the phase-domain Σ–Δ modula-
tor for single-bit output synthesis, we introduce the concept of
polar Σ–Δ modulation. Here, in addition to feeding back the
estimated phase error we do the same for the amplitude error
as well. A legitimate question of course is how we can control
the amplitude of a binary ±1 signal. The answer is given in the
following subsection.

1) Amplitude Control of Binary Quantized Sinewave: Al-
though we cannot control the instantaneous amplitude of the
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Fig. 20. Amplitude control of ±1 sinewave-like signals.

Fig. 21. Typical output spectrum of the scheme in Fig. 20.

Fig. 22. Amplitude of the fundamental sinusoidal component at the output of
the scheme in Fig. 20 as a function of dither’s standard deviation σ.

±1 quantized sinewave, we can do so for the amplitude of the
sinewave component of it. One way of doing this indirectly is
by introducing an additive noise to the cosine sequence. The
concept is illustrated in Fig. 20.

Here yk = sgn(cos(Ωk) + uk) where uk is a zero-mean,
white Gaussian random sequence of variance σ2. The structure
is similar to the dithered PDDS in Fig. 2 but here we use
Gaussian rather than uniformly distributed white noise. As
expected, the spectrum of yk contains a noise component and
in most cases spurs as well, as shown in Fig. 21.

It can be shown that the output can be expressed as yk =
A cos(Ωk) + nk + Harmonics, where harmonics higher than a
certain index are aliased and nk is the noise component. Also,
the cosine amplitude A is the following function of σ

A(σ) =

√
2

π
· 1
σ
·M

(
1

2
, 2,− 1

2σ2

)
. (20)

where M(a, b, z) is Kummer’s confluent hypergeometric func-
tion which can be expressed as [25], [26]

M(a, b, z) =

∞∑
n=0

a(a+ 1), . . . , (a+ n− 1)

b(b + 1), . . . , (b+ n− 1)
· z

n

n!
.

The graph of (20) is shown in Fig. 22.

Fig. 23. Introduced polar Σ–Δ modulation architecture for single-bit output
all-digital frequency synthesis.

2) Polar Σ–Δ Modulation Single-Bit-Output Synthesizer:
The proposed polar Σ–Δ modulation scheme is shown in
Fig. 23. To illustrate its operation we express the output of the
quantizer as xk = Ak cos(Ωk + ϕk) + nk. Random sequences
Ak and ϕk are considered such that Ak cos(Ωk + ϕk) equals
the sum of the carrier and the noise and spurs with frequency
offset less than the bandwidth of low-pass filters Fp and Fa

from the carrier (assume for simplicity that they have the
same bandwidth). Also, nk represents the remaining noise and
spurs with offset frequencies from the carrier larger than the
bandwidth of the filters.

Then pk = (Ak/2) cos(ϕk) + (Ak/2) cos(2kΩ+ ϕk) + ηk
(Fig. 23) where the term ηk = cos(kΩ)nk has frequency con-
tent only outside of the bandwidth of Fa. Assume that |ϕk|
is sufficiently small, i.e. cos(ϕk) ∼= 1, and that Ω is suffi-
ciently smaller than π, to prevent the second harmonic and
the spectrum of ηk from being aliased near zero. Then, gk ∼=
(ka/2)(fa ⊗ (Ak −Ad))k + ξk where Ad is the desirable am-
plitude and ξk is the remaining low-frequency noise. The
standard deviation of the dither uk equals gk (Fig. 23) and so the
amplitude of the output cosine component Ak is a decreasing
function of gk following (20) (and Fig. 22). This completes the
amplitude control loop.

Similarly, from Fig. 23 we get that for the phase control loop
qk ∼= −(Ak/2) sin(ϕk) + (Ak/2) sin(2kΩ+ ϕk) + η̃k where
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Fig. 24. Polar modulator’s output spectrum following Example 1. Clock
frequency fs is set to 1 GHz, averaging is set to 10 frames and resolution
bandwidth is 223 Hz.

Fig. 25. Near-in zoom in of Fig. 24.

η̃k = sin(kΩ)nk. Using the same reasoning as above, as well
as making the approximation sin(ϕk) ∼= ϕk, we conclude that
ϕk

∼=−(kp/2)(fp⊗(Akϕk))k+dk+ ξ̃k where ξ̃k is the remain-
ing low-frequency noise and dk is the optional dither.

Note that (fp ⊗ (Akϕk))k is a bilinear functional on {Ak}
and {ϕk}. If one further assumes that {Ak} has significantly
lower bandwidth than fp then we can make the additional
approximation that ϕk

∼= −(kpAk/2)(fp ⊗ (ϕk))k + dk + ξ̃k.
The following examples illustrate the behavior of the polar

Σ–Δ modulator.
Example 1: Consider the first-order Σ–Δ equivalent with

Fa(z) = Fp(z) = z−1/(1− z−1) (here we have two coupled
first-order loops). Gain coefficients are set to kp = 1/8 and
ka = 1/4. The desirable output amplitude is set to Ad = 1 and
the phase low-pass dither is deactivated. Finally, the carrier
frequency is set to Ω = 2π(4321/32768).

The output spectrum is shown in Fig. 24. The two spurs on
the right are the 3rd and 5th harmonics. They are partially due to
the strong nonlinearity of the amplitude function (20) near zero
σ, since the desirable amplitude level has been set to the large
value Ad = 1. Fig. 24 should be compared to Fig. 26 where
smaller desirable amplitude, Ad = 0.5, is set.

A zoom-in near the carrier shown in Fig. 25 indicates a band-
pass Σ–Δ like behavior [2], [22], [27]. Even though phase
dithering is not used, there are no apparent spurs.

Changing the desirable amplitude to Ad = 0.5 the spurs in
Fig. 24 disappear as it is seen in Fig. 26. Also, the noise floor
is raised about 3 dB—with respect to the carrier (note that the
spectra are normalized to the carrier power).

Fig. 26. Polar modulator’s output spectrum following Example 1, but with
desirable amplitude set to Ad = 0.5.

Fig. 27. Polar modulator’s output spectrum following Example 2. Clock
frequency fs is set to 1 GHz, averaging is set to 10 frames and resolution
bandwidth is 223 Hz.

Example 2: Consider again the first-order Σ–Δ equiva-
lent with Fa(z) = Fp(z) = z−1/(1− z−1). Gain coefficients
now are set to kp = 1/8 and ka = 3/8. The desirable out-
put amplitude is set to Ad = 0.5 and the phase low-pass
dither is deactivated. Finally, it is Ω = 2π(4321/32768) as
before.

Lower desirable amplitude Ad and stronger amplitude feed-
back ka, with respect to Example 1, have eliminated spurs as
shown in Fig. 27 (compared to Fig. 24) and raised the noise
floor, similarly to Fig. 26. A zoom-in illustrates similar band-
pass Σ–Δ like behavior as in Example 1, Fig. 28.

Example 3: Consider now the polar modulator with ampli-
tude transfer function

Fa(z)=
z−1

1− z−1
· (1−rze

jΩzz−1)(1 − rze
−jΩzz−1)

(1 − ejΩpz−1)(1 − e−jΩpz−1)
,

phase transfer function Fp(z) = z−1Fa(z), Ωz = 5.5 · 10−4 ·
2π, rz = 0.99 and Ωp = 5 · 10−4 · 2π.

Fig. 29 illustrates the placement of poles and zeros of the
transfer functions. The gain coefficients are set to ka = kp =
1/8 and the desirable output amplitude is Ad = 0.9. Again, the
phase low-pass dither is deactivated and the carrier frequency
is set to Ω = 2π(4321/32768) as before.

The output spectrum is shown in Fig. 30 and a zoom-in near
the carrier is shown in Fig. 31, with the same scaling as that of
Fig. 28 for comparison. The notch points are at the frequencies
Ω and Ω± Ωp. An intermediate zoom-in of Fig. 30 illustrating
the second-order Σ–Δ noise shaping behavior is shown in
Fig. 32.
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Fig. 28. Near-in zoom in of Fig. 27.

Fig. 29. Poles and zeros of the transfer function Fa(z).

Fig. 30. Polar modulator’s output spectrum following Example 3. Clock fre-
quency fs is set to 1 GHz, averaging is set to 4 frames and resolution bandwidth
is 223 Hz.

C. Comments on Phase and Polar Feedback Architectures

Both the phase and polar Σ–Δ architectures introduced are
capable of noise shaping and spurs elimination in the near-in
spectrum. Phase Σ–Δ has low computational complexity but
its output contains strong spurs away from the carrier. On the
other hand polar Σ–Δ architecture can eliminate (or at least
suppress) spurs throughout the whole spectrum at the extra cost
of a multiplier and a sine LUT.

IV. CONCLUSION

Two classes of single-bit output all-digital frequency synthe-
sis architectures were discussed characterized by their spurs and
noise reduction mechanism: The loop-less forward one with
direct dithering for spurs elimination, which offers simplicity
and broadband spurs-free output but converts all dither power to
noise floor; and two feedback architectures, the phase Σ–Δ and

Fig. 31. Near-in zoom in of Fig. 30.

Fig. 32. Zoom-in of Fig. 30 illustrating second-order Σ–Δ noise shaping
behavior.

the polar Σ–Δ, both introduced here, which offer high dynamic
range near-in with a noise-shaping and spurs-eliminating be-
havior similar to classical band-pass Σ–Δ. The phase architec-
ture is multiplier-less offering simplicity and low computational
complexity but its output may contain strong spurs away from
the carrier. The polar architecture offers better near-in noise and
spurs suppression as well as spurs suppression throughout the
whole spectrum at the cost of an extra multiplier and a sine
LUT. Both the phase and polar architectures introduced here
are nonlinear dynamical systems more involved mathematically
than the standard Σ–Δ modulator. Further analysis of their
operation is important as well as practical implementations of
them.
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