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A Nearly All-Digital Frequency Mixer Based
on Nonlinear Digital-to-Analog Conversion and
Intermodulation Cancellation
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Abstract—We propose a nearly all-digital frequency mixer pro-
ducing either the sum or difference of two frequencies provided as
digital clocks. No filtering of the clock inputs is needed to suppress
intermodulation products at the output. The mixer achieves high
spurious-free dynamic range through optimization of an output
nonlinear DAC and a multiphase intermodulation cancellation
technique. A programmable logic implementation demonstrates
feasibility and performance of the architecture.

Index Terms—Frequency mixer, frequency synthesis, mixed-
signal, nonlinear DAC, multiphase, intermodulation, spurious-free
dynamic range.

I. INTRODUCTION

REQUENCY mixers form an important class of analog
F circuits used in communication and instrumentation [1].
One such application is the multiloop frequency synthesizer,
such as the Diophantine frequency synthesizer [2], which com-
bines outputs of PLLs through frequency mixers. Other uses
of frequency mixers common in communications include fre-
quency translation and frequency modulation/demodulation.

An ideal frequency mixer produces a single frequency output

at either w1 — wy or w1 4+ wo when provided input frequencies
of w; and wy. However, any realizable frequency mixer will
deviate from this ideality. There are two relevant conventional
frequency mixers against which the proposed mixer should be
compared.

1) Linear multipliers: The Gilbert multiplier [3], for example,
acts as frequency mixer by multiplying two input sinusoids
of frequencies w; and w,. The resulting output will have
two components, the sum frequency w; + wo and the dif-
ference frequency w; — we. The desired component is se-
lected through filtering.

2) Analog switching mixers: These mixers use diode or tran-
sistor switching to multiply an input sinusoid at frequency
w1 with an input square wave at frequency wo [4]. The re-
sulting output contains components at frequencies kwy +
w1, where k is any odd integer.

Frequency mixers of type 1 are more spectrally pure, as only

two large components appear at the output if the multiplier has
high linearity. However, both types of mixers require filtering at
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the output to select the desired component. Additionally, both
require filtering at the input. This is because harmonics at the
input will produce intermodulation products at the output.

Such requirements of conventional mixers are undesirable be-
cause 1) high quality filters, especially tunable filters, are costly
to implement and 2) some undesired intermodulation products
can be impossible to filter since they can appear close to the de-
sired output frequency.

In this work, we show that these inherent problems of analog
frequency mixers can be largely overcome by a mixed-signal
alternative which uses minimal analog circuitry. The use of
almost completely digital circuitry to implement frequency
mixing yields the advantages of digital circuits, such as lower
power, ease of design under low voltages, and design porta-
bility across technologies. Additionally, its frequency inputs
are provided as digital clocks, which removes the need for
input filters. The proposed frequency mixer circumvents the
filtering problem by determining the frequencies of its inputs
based on their rising (or falling) edges. Although the inputs to
the proposed mixer are spectrally impure, the mixer achieves
high spectral purity through an optimal nonlinear DAC and an
intermodulation cancellation technique. These aspects of the
proposed mixer allow for increased system integration and thus
lowered costs.

The use of digital logic for mixing has been in use for many
years. For example, [5] describes using digital gates and mul-
tivibrators to perform frequency mixing of input square waves.
Digital logic such as XOR gates have long been used in place
of analog multipliers as PLL phase detectors. Such approaches,
however, have been hampered by the lack of spectral purity in
the outputs of digital circuits. We will show that spectral purity
can be greatly improved using a nonlinear DAC in conjunction
with digital logic.

Use of nonlinear DACs for sinusoidal synthesis has previ-
ously been studied in many works [6]-[10]. However, our pro-
posed nonlinear DAC is fundamentally different from those of
past works in that it has low resolution (typically 7 quantiza-
tion levels) but synthesizes these amplitudes with very high ac-
curacy with a small number of analog components (typically 8
small-ratio resistors in a voltage-mode implementation). As we
will show, high spectral purity can be attained even with low
resolution, provided that accuracy is high. Use of a low-reso-
lution, high-accuracy nonlinear DAC was proposed in [11], but
the circuit architecture and harmonic distortion of such a DAC
was not provided.

The intermodulation cancellation technique of the proposed
mixer is based on multiphasing, a concept introduced in [12] for
up-and-down-conversion in radio transceivers and further ex-
panded in [13] and [14]. Past works [14]-[16] have presented
the proposed mixer architechture without the details of its spec-
tral properties or the design of the DAC.
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II. PERIODIC PIECEWISE-CONSTANT FUNCTIONS

A. Spectral Properties

While the inputs to the proposed mixer are digital clocks, the
mixer’s output is neither a square wave, nor a product of square
waves. Instead it is the product of periodic signals of the form

T T
a(t)=p; forallte |:ZN (1 + 1)N> and integers 4

where sequence {p;} is periodic with period N (divisions) and
continuous-time signal a(t) is periodic with period T'. We refer
to such a signal a(t) as being periodic piece-wise constant
(PPWC) and we use it to approximate the ideal sinewave.

In such an approximation, it is desirable that low-order har-
monics are zero or minimal resulting in high spurious free dy-
namic range in a frequency interval extending as much as pos-
sible beyond the fundamental.

We now state certain facts about PPWC signals, with deriva-
tions provided in the Appendix.

Proposition 1: Consider the class of PPWC signals with N
divisions and fundamental frequency w. Let a(t) be one of them
with the fewest possible frequency harmonics 3 = 0,1,..., N
of nonzero amplitude. Then the levels, p;, of a(t) are given by
the sampling of a sinusoid for any 6 € [0,27/N)

211
p; = CoS <W+6> . (1)

Moreover, a(t) has harmonics precisely at frequencies (rN +
1)w and (rN — 1)w, for all integers .

For the remainder of this work, we assume PPWC signals
of this form (1). The proposed frequency mixer generates the
product of two such PPWC signals, which is converted to analog
form with an optimized nonlinear DAC.

Note that a PPWC signal with levels of the form (1) and even
number of divisions, N, has the property

Di = —PN/2+i- (2)

Therefore, the product of two such signals also takes values that
occur in oppositely signed pairs.

Note that when considering the multiplication of two PPWC
signals, it is not, in general, convenient (or meaningful) to
treat them as discrete-time signals because each has a different
sampling period. Suppose the two PPWC signals to be multi-
plied are a(t) and b(t), with respective periods T; and T3, both
having N intervals of constant amplitude. If we represent a(t)
and b(t) with discrete sequences a[n] and b[n] respectively,
then their sampling periods are Ty /N are Ty /N, respectively,
making a[n]b[n] unrelated to a(¢)b(¢) in general.

B. Generating PPWC Signals With Digital Circuits

Although the proposed mixer’s output is an analog product of
two PPWC signals a(t) and b(t), the mixer does not internally
generate the analog signals a(t) and b(t). Instead, it produces
only digital representations of a(t) and b(¢).

As an illustrative example, consider a PPWC function a(t)
with N = 4 divisions per period T'. Let the fundamental fre-
quency of a(t) be w = 27 /T and let the four levels of a(t) be
Po, p1,p2, and p3.

Fig. 1 shows two circular shift registers. At the active clock
edge, bits shift from left to right, except for the right-most ele-
ment, which shifts its data to the left-most element in the ring.

IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS—I: REGULAR PAPERS, VOL. 58, NO. 8, AUGUST 2011

4/T

@ l I I

A

’—1~0—1—o Do

&
<

Fig. 1. Generating a(t) with circular shift registers for N = 4. Both shift
registers rotate their data at the active edge of the same clock.
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Fig. 2. Digital representation of a(t) can be generated using a 2-stage ring
oscillator with frequency equal to the fundamental frequency of a(t).

Both shift registers are clocked at frequency 4 /7T Hz or alterna-
tively angular frequency 4w rad/s.

The contents of the shift registers are initialized to hold a de-
sired pattern. In this particular example, the pair of shift registers
acts as a 2-bit counter. Let the binary number 00 represent pg,
01 represent p1, 10 represent p2, and 11 represent ps. Then the
pattern outputted by the shift register pair has fundamental fre-
quency w and represents signal a(t).

The sequence of amplitudes pg, p1, p2, ps were encoded
using a direct binary code 00, 01, 10, 11. However, we prefer
to permute the codes to form a Gray code sequence: 00, 01, 11,
10 and have only one bit change between subsequent codes.

Note that this circuit generates three additional phase-shifted
versions of a(t) if we tap the other outputs: a(t + T'/4), a(t +
2T/4), and a(t + 37'/4). The use of these additional phases is
discussed later. We will refer to this pair of shift registers as
the phase generation circuit. In general, it can consist of .S shift
registers, each IV bits long, to form an S-bit representation of
a(t).

One may notice that the above approach requires an input fre-
quency to the shift registers which is IV times the fundamental
frequency of a(t). However, an alternative approach allows for
generating a(t) using an input clock of the same frequency as
the fundamental frequency of a(t).

This is done using the phases of a ring oscillator, as depicted
in Fig. 2 for the case N = 4. By taking two phases of the ring
oscillator’s output, one can form a Gray-coded binary sequence
with a period of N = 4. In many cases aring oscillator is already
present at the sources of the two frequency clocks. Alternatively,
one can phaselock it to an input of the same fundamental fre-
quency as a(t).

_Additionally, by also using complementary outputs, Dy and
D1, one can produce all N phases of a(t), as shown in Fig. 3.

For simplicity of presentation, in the remainder of the paper,
we assume that the digital representation of a(t) is generated
using shift registers clocked with frequency of N/T Hz.
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Fig. 3. By using all output phases of the ring oscillator, one can generate all N
phase shifts of a(t).

III. GENERATING THE PRODUCT OF PPWC SIGNALS

Consider two PPWC signals a(¢) and b(¢) which are time-
scaled versions of each other

b(t) = a(\t),

where ) is a positive real number. Although it is not necessary
to restrict a(t) and b(t) to be time-scaled versions of each other,
it simplifies the discussion and design of the mixer. Let a(t)
have period 73 and fundamental frequency w; and let b(¢) have
period T5 and fundamental frequency ws.

Consider the digital representations of a(t) and b(¢) produced
by the circular shift registers discussed previously. Our mixer
computes a digital representation of the product a(¢)b(¢) and
converts it in an analog value.

Suppose the product a(t)b(t) assumes r distinct values. As
is discussed later, our DAC produces only nonnegative values,
so we add a constant offset to these r product values to form
nonnegative values C; < Cy < --- < C,, with C; = 0 and
Cr = 2(Pmax)?, where ppax is the maximum of both signals
a(t) and b(t). Typically, r is a small number, thus, given the
digital code representations of a(t) and b(t), a digital represen-
tation of their product a(¢)b(t) can be computed using a small
look-up table (LUT).

A. LUT Multiplier

Consider the LUT-based multiplier shown in Fig. 4 for the
case where N = 4. Shift register A; is a 4-bit shift register
connected in a ring as in the earlier example of the phase gener-
ation circuit. As before, it holds a 4-bit sequence which rotates
at the active edge of a clock of angular frequency 4w, rad/s. Qg
through Q3 are the four outputs of this shift register.

Shift register Ay operates similarly to A; except that it holds a
different 4-bit pattern. Thus A; and As form a shift register pair
that can generate a digital representation of any PPWC signal
a(t) with N = 4 and fundamental frequency w;. We will ar-
bitrarily pick the ()1 outputs of registers A; and A, to form a

1697

i 4,

@ @)

CLK CLK
SHIFT REGISTER A4 SHIFT REGISTER B4
Qo Q4 Q2 Q3 Q3 Q2 Q4 Qo

IR - S« ]
E LUT S
—|® | ——
Qo Qi Q2 Qs Va Vg Vo Wa Wy W Qs Q2 Qi Qo
SHIFT REGISTER Az SHIFT REGISTER By
CLK U CLK
Nonlinear
DAC ‘—

f

a(t)b(t) + DC offset

Fig. 4. Multiplying a(t) and b(t) with an LUT. Shift registers produce dig-
ital representations of a(¢) and b(t) which are inputs to the LUT. The LUT
computes the product a(#)b(t) and sends the corresponding digital code to the
nonlinear DAC. The DAC, being unipolar, exhibits a dc offset.
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Fig. 5. Nonlinear DAC using a resistor network. V5, V1, V, form the digital
code to be converted by the DAC.

2-bit representation of a(t), although any other pair of outputs
would be equally suitable. Shift registers B; and By are con-
structed similarly to produce the digital representation of PPWC
signal b(t) of fundamental frequency wo. Again, we have arbi-
trarily chosen the Q1 outputs to represent b(t). Together, the Q4
outputs of the four shift registers form the 4-bit address input
into an LUT. This 4-bit input into the LUT determines the cur-
rent values of a(t) and b(¢) and thus the product a(t)b(t). The
output of the LUT is thus a digital code for a(#)b(¢). This digital
code will be the input to a nonlinear DAC to produce the desired
analog value a(t)b(t).

Note that the output of the LUT can change at every active
edge of the two clocks. If f1 / fo = pa/p1 forintegers p1, po then
the output can be considered as a synchronous one clocked at
frequency 4p1 f1/ged(p1, p2). If f1/f2 is an irrational number
then the output is asynchronous.

B. Digital-to-Analog Conversion of LUT Output Codes

Since the possible number of products is small, the analog
product a(t)b(¢) is more efficiently produced with a nonlinear
DAC. Fig. 5, shows a basic example of a 3-bit nonlinear DAC.
The signals V; are the outputs of logic gates, which are consider
to be 0 or 1 V. The DAC output is

Vo Vi W
V;Jut—K<R2 +R1 +R0)7
where K is a constant.

For reasons to be discussed, it is desirable for the DAC to pro-
duce outputs which occur in oppositely signed pairs (ignoring
the dc offset). That is, if the DAC can produce an output of
A, then it should be able to produce an output of —A. This is
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a(®)b(t) + DC offset

Fig. 6. Nonlinear DAC consisting of buffers driving a resistor network.
Vo Vi VoWo W, W is the digital code to be converted by the DAC.

achieved when the amplitudes of the PPWC signals occur in
oppositely signed pairs. This can be satisfied by choosing the
number of divisions, N, to be even, since this results in am-
plitudes p; = —p;4n/2. From here on we assume that this is
always the case.

Consider the DAC of Fig. 6. This DAC consists of the output
drivers of the LUT and a resistor network. The values of the sig-
nals V; and W; are 0 or 1 V. Note that this DAC uses two iden-
tical sets of resistors. Since this DAC can only produce positive
outputs, the resulting analog representation of a(t)b(t) will have
a dc offset. DAC’s output is given by

2 2
e = K Y K
i=0 " i=0

T

where

-1
2 2 2
K=(=+—>—+=) .
<R2+R1+R0)

We construct the DAC so that the most negative product
corresponds to analog output of 0 V produced with LUT output
VoViVoWoWi1 Wy = 000000. The maximum value of the
product corresponds to VoV VoWeW; Wy = 111111. These
choices are arbitrary but allow us to make use of the full output
swing of the circuit. Finally, the zero product a(t)b(t) = 0
corresponds to VoV Vo WoW1 Wy = 000111 and analog output

K(L-I-L-I-i). 3)

Thus, (3) is DAC’s dc offset.
The DAC can produce any output of the form

2 2
KSR+ KY o @
=0 =0

where o; € {—1,0,1}, simply by setting V; = W; = 0 when
o, =-1,V, =0,W; =1wheno; =0andV;, = W; =1
when o; = 1.

In general, a similar DAC with two identical sets of B resis-
tors produces the 37 output values of the form

B-1

B_I(Tq: 1
KZ%E—}—KZE. (5)

i=0 ="
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Note that these 37 values are not necessarily distinct, depending
on the choice of the R;s.

Neglecting the dc offset, we see that this DAC structure pro-
duces values which occur in oppositely signed pairs, regardless
of the choice of the resistors.

C. Spectral Properties of the LUT-Based Mixer

Although the spectrum of the LUT-based mixer can be well
approximated by the spectrum of a(¢)b(t), an important result
can be obtained by examining the exact output of the mixer,
since the mixer generates an approximation of the product
a(t)b(t), with an accuracy determined by the nonlinear DAC:

Theorem 1: Consider a mixer in which resistors are pairwise
identical. That is, resistances which are intended to be identical
are indeed exactly identical. Then regardless of the values of the
resistances, the mixer eliminates all intermodulation products of
the form

kwy £ mws, k or m even. (6)

To prove this, we use the following result from [17]:

Proposition 2: A function f(t) with period T has no even
harmonics if and only if f(¢t) = —f(t — T/2).

As before, we assume that a(¢) and b(t) have respective
periods 77 and 7> and that their periods are divided into N
equal-length intervals on which the function is constant. In this
section, a(t) and b(t) will be the digital inputs into the LUT, but
the DAC output will not be exactly a(t)b(t). However, we will
assume that the DAC can produce outputs that occur in oppo-
sitely signed pairs. Achieving this does not require all resistors
to be simultaneously matched. Instead we only need to assume
that the resistors are pairwise matched: it is not necessary that
the actual resistance ratios are equal to the designed values; we
only need the pairs of resistors that are supposed to be matched
to be equal. In this section we assume this to be true, so that
the DAC outputs occur in oppositely signed pairs, although the
amplitudes can have errors.

Define the ith interval as [i1%/N, (i + 1)T5/N). Let the
LUT input b(t) be constant on this interval and that its value be
bi mod N -

Normally, the inputs of the LUT are a(t) and b(¢). However,
let us momentarily make the inputs instead be a(t) and b;, 7 €
{0,1,..., N—1}, forall time ¢. Define the corresponding output
of the DAC as z;(t). If the values of the resistors of the DAC are
known, then z;(t) is known as well.

Now restore the inputs to the LUT back to the original sig-
nals a(t) and b(t). Consider the (i + rN)th interval, for ¢ €
{0,1,..., N — 1} and any integer . On this interval, the inputs
to the LUT are a(t) and b;. On this interval, the output of the
DAC is thus

y(t) = (). ™

Let us now define a periodic function s(¢) with period 1%

0={

Equation (7) can then be rewritten as y(t) = z;(t)s(t —
iTy/N). On the (¢ + v N)th interval, fori € {0,1,..., N — 1},
zj(t)s(t — jT>/N) = 0forany j # 4,5 € {0,1,...,N —1}.
Thus, the output of the DAC on this interval can be rewritten as

ift € [0,73/N)
ift € [Ty/N,Ty).

N-1

y(t) = > mi(t)s(t —iTa/N). (®)

1=0
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Since any interval can be expressed as the (¢ + N )th interval,
the output of the DAC for all times ¢ is given by (8).
Recall from (2) that the PPWC signal satisfies

bi = —biyn/2 )

for all . Suppose momentarily that the inputs to the LUT
are a(t) and —b(; 4 N/2) mod N for all times ¢. Then the DAC
output i —(; 1 N/2) mod ~(t). However, we also know that
—b(i+N/2) mod N = bi mod N because of (9). Thus, the output
of the DAC can also be expressed as ; mod n(t). We thus
arrive at the conclusion that
Ti mod N(t) = —Z(i4+N/2) mod N (1) (10)
Let us now restore the inputs of the LUT to a(t) and b(¢) and
rewrite the DAC output as

N-1 T
_ ) _s2
y(t) = ; x;(t)s <t LN>
N/2-1
Ty
1=0
N/2-1
. N\ T
+ ; $i+N/2(t)8 <t — <L + ?> N)
N/2-1
Ty
1=0
N/2-1
Ty Ty
_ ; LI}'Z(t)S <t— ZW — 7)
N/2-1
B 15 T T
—gdh(t)[(?(t ZN> s<t iy 2)]
(11)
Let

B Ty Iy T3
gl(t)—s<t LN> s(t i 2).

It can be seen that ¢;(¢) has period 7% and that g;(t — 1»/2) =
—g,(t) for all 4. Thus, by Prop. 2, g;(t) does not have even har-
monics. Additionally, z;(¢) has no even harmonics because the
DAC produces outputs in oppositely signed pairs. Thus, (11)
involves the sum of products of functions which do not possess
even harmonics. This means that the mixer eliminates all inter-
modulation products of the form

kwy + mws, k or m even, (12)
which proves the claim.

From an implementation standpoint, this property makes the
mixer less sensitive to mismatch errors since elimination of in-
termodulation products of the form of (12) only requires paired
resistors to be matched rather than all resistors simultaneously
matched. For example, suppose resistors R and Rs are a pair
which should be identical and resistors R3 and R4 are another
pair which should be identical. Then if R; and R, are scaled by
aconstant and then R3 and R4 are scaled by a different constant,
the above intermodulation products still remain cancelled.
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IV. NONLINEAR DAC OPTIMIZATION

As shown previously, one can use simple circuit components
to generate products of PPWC signals. However, in constructing
the DAC, there are many degrees of freedom. The ideal product
a(t)b(t) has a known set of intermodulation products. However,
the DAC can only produce an approximation of a(¢)b(t), and
this approximation will have a slightly different spectrum, with
the degree of difference depending on the design of the DAC.

Since the spectrum of the DAC’s output is a complicated
function of its resistor values and input codes, our approach to
finding the optimal DAC is to find the DAC that closely approx-
imates the amplitudes of a(¢)b(¢) in the time domain. By the
Parseval relation, the total energy in the error component is the
same in both the time and frequency domains, and thus pro-
ducing an accurate time-domain approximation will bound er-
rors in the frequency domain.

We now present our optimization algorithm for constructing
the DAC. For simplicity, we will continue to require that the
signals a(t) and b(t) are time-scaled versions of each other.

In a monolithic design, the resistors are typically integer mul-
tiples of a reference resistance value for matching purposes, and
the sum of these integer multiples must be bounded because of
area constraints.

Recall that the DAC is constructed from two sets of B resis-
tors Ro,...,Rp_1. Let R,, = pun R where p,, is an integer and
R is the reference resistance. Then the area constraint is

13)

where M is a constant chosen by the designer based on avail-
able chip area. The constant B is also be chosen by the designer
based on available area since B determines the LUT output
width and the number of voltage buffers.

Suppose for the moment that we have chosen a particular
value for phase shift 6 in (1). Let ¢ = (cy,...,c.) be the
vector of all positive values of the product a(t)b(t) with
Cmax = max(c;).

Recall that a(¢)b(t) takes values in oppositely signed pairs
and that the DAC produces values which occur in oppositely
signed pairs (neglecting the dc offset), according to (5). Note
that the DAC can always produce an output of 0.

For each ideal product value ¢;, let ¢; be the corresponding
DAC output (without dc offset) which approximates c;

B-1
A Oin
C; =« E y

Oin € {_1707 1}
oo Hn

(14)

where « is an arbitrary constant. Note that vector ¢ =
(¢1,...,¢r) does not necessarily have the same Euclidean
length ||¢]|2 as c. To determine the accuracy of the approxima-
tion we compare the normalized versions of ¢ and ¢, i.e.,

u=c/lcll2, @=¢éflle]l2-

Thus, given vector ¢ (or equivalently, the phase difference
at t = 0), our optimization problem is

min ||u — 4|2
subject to
B-1
Zn:O Hn S MT7

where N is the set of positive integers.

(15)
pn €N
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Combinatorial optimization problem (15) is hard. How-
ever, approximate solutions can be derived via the fol-
lowing proposed method consisting of a sequence of
iterations in each of which we evaluate a feasible vector
()22 _01 (0. .., pp—1) for constructing approximation
vector ¢. When MT is reasonably small, it is com1putat10nally
practical to examine every possible vector (i, )n —0-

Now let us consider a single iteration of the resistor opti-
mization algorithm. Starting with a set of resistor ratios vector
(1n)2=, satisfying (13) we construct set 7 as follows.

For every vector (/Ln)fzo , the DAC can synthesize at most
3B distinct outputs, of which we use only a subset. First, we de-
fine set 7 as follows. Consider the total set of 32 possible values
that can be synthesized with the resistor ratios f,,, ignoring the
dc offset, i.e.,

y  Oin € {_1/0/1}
n=0

fori = 1,...,3%. Divide the elements of this set by the largest
one, resulting in a normalized set with largest element 1 and
smallest element —1. We form set -y by keeping the nonnegative
elements of this set. Recall that we are currently only interested
in the positive outputs, since negative outputs are the exact neg-
ative of the positive ones.

We then construct the DAC output vector ¢ by choosing each
¢; as an element from the normalized set . Thus ¢ will be
a vector of numbers between 0 and 1. Recall that the DAC
maps the most positive product to its maximum possible output
voltage. Thus, we require that max ¢; = 1. The choice of the
remaining ¢; is made as follows.

To compare the ideal products ¢ with the approximation ¢, we
normalize values ¢;/c¢pax, since

0< <1

cmax
Then for each ¢;, we choose ¢; from set v that is closest to
Ci/cma)u i.e.,

¢; = argmin |z — ¢;/¢max|, foralli
reY
Then we compute the value of the cost function ||u — 4|5.

The above step is reiterated for all feasible vectors (fi,,) 5;01.

Thus, for a given vector ¢, the best approximation ¢ is found
through
min ||u — 4|2
subject to
ZB 01 Hn < MT7
¢ = argmin,c., [T — ¢;i/cmax|,
Among all values of vector ¢ derived, one of them leading
to minimum ||u — 4|2 is stored and the whole process is re-
peated for a different vector ¢ resulting from a new value of
6 € [0,27/N). Since 6 is a continuous variable, we change 6
by incrementing it by a predetermined step size.
When all values of # have been examined, we keep the ¢, ¢
pair that yields the minimum error ||u — 4||2. Thus, the complete
optimization problem is

fin €N, (16)

for all 7.

min ||u — 4|2

subject to
6 €0,2n/N),
Zf ()l.u'n S MT7 Hn € N7
¢; = argmin,c., |z — ¢i/Cmax|, foralli. (17)
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As it is seen later, solutions to this problem can yield a very
high accuracy DAC using only small resistor ratios.

While the exhaustive evaluation of all combinations of re-
sistor ratios satisfying (13) may seem computationally inten-
sive, the search is typically short due to the small values for M
prefered in designing the DAC to minimize component spread.

V. INTERMODULATION PRODUCT CANCELLATION BY
MULTIPHASE MIXING

Now that we have covered the basic concepts behind PPWC
multiplication, we present a method to reduce the intermodula-
tion products content.

A. Basics of Multiphase IMD Product Cancellation

We first consider the case in which the mixer is intended to
produce the difference frequency wi — we of two signal a(t)
and b(t) with fundamental frequencies wy = 27/T; and wy =
27 /T, respectively. The signals are assumed to have no dc value
and so they can be expressed as

= Z Ay cos(kwit + 6y)
k=1

= Z B, cos(mwat + ¢ ).

m=1

Now consider their phase-shifted versions
n1} = 2wkn
(t—i—?l):];Akcos(kwlt—f—Hk—i— Iz >

T = 2
b(t—{— %) :mz::lecos <mw2t+¢m+ r;nn)

where n and P are integers. The sum of products of phase-
shifted pairs is

wa (B
S

Yo, —

7))

n=0
= S 1§: i Ay, cos <kw1t+ O + 27;im>
n=0 k=1 m=1
X B,, cos (mw2t+ bm + @)
- k=1m=1 n=0
X [cos (kw1 + mwe)t + Ok + dm + M)
+ cos ((kw1 — mwo)t + Ok — d + M)] .
(18)
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single phase mixer

EP:S AA AR T A
25t
ool A A A A A
A A A A A A
£ 15
old A A A A A
A A A A A A
5_
N S W S V. S
0 5 10 15 20 25 30

k

Fig.7. Intermodulation product locations of a single phase mixer. A A at coor-
dinates (k, m) in the plot indicates the presence of an intermodulation product
kwy — mw. at the mixer’s output. A + at coordinates (&, m) in the plot indi-
cates the presence of an intermodulation product kw; + mw-. Note that in this
plot the A and + locations are overlapping.

We rewrite this expression by using the following identity:!

P-1

2
Z cos (a: + 7;:”) = P cos(z)é[r mod P], (19)
n=0

where 7 is any integer and

o ={

Using this identity, (18) is rewritten as

ifn=0
otherwise.

yw1wt)
S5

x {cos(
+ cos((

(kw1 + mw2)t + 0 + ¢4 )6[(k + m) mod P]
kw1 — mws2)t + 0 — ¢ )6[(k — m) mod P}
(20)

which is the output of the multiphase mixer for P phases. It can
be compared to the original single phase mixer by letting P = 1.
In this case the delta terms have no effect.

However, for P > 2, many of the terms are eliminated be-
cause the delta term become 0.

This result is depicted graphically in the plots of Figs. 7 and
8 for the case where a(t) and b(t) are PPWC sampled sinusoids
with N = 10 and P = 5. By Prop. 1, a(t) and b(¢) have har-
monics 1,9,11,19,21, .. ..

Fig. 7 shows the locations of intermodulation products for the
single phase mixer (that is, no multiphase cancellation occurs)
on the (k,m) plane. Locations of the sum frequency intermod-
ulation products kw; 4+ mws are indicated by the + symbol and
locations of difference intermodulation products kw1 —mws are
indicated by the A symbol. In this case, the sum and difference
components are overlapping on the (k, m) plane.

Fig. 8 shows the case where 5 phases are combined to cause
cancellation of many intermodulation products.

1t can be proven by using the sum of exponentials exp(j27rn/P).
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multiphase mixer: ® =, -
out 1

2
P R W = VA R .7
25t
ol + A + A +]
- A + A I\
£ 15
ol ga + A +]
+ A + A + A
5..
A +A 4 A 4
0 5 10 15 20 25 30

k

Fig. 8. Intermodulation product locations of a 5-phase mixer with output w; —
w2 . Note that the 5-phase mixer canceled half the intermodulation products pro-
duced by the single phase mixer of Fig. 7.

multiphase mixer: ®_ =m +®
out™ 12
S0 RSN & F
251
ool L A4+ A+ Al
A + A + A +
g 15
10l L A+ A+ A
A + A + A +
5_
WL S - L. P U S
0 5 10 15 20 25 30

k

Fig. 9. Intermodulation product locations of a 5-phase mixer with output w; 4
ws>. This 5-phase mixer differs from that of Fig. 8 in that the difference frequency
w1 — wo 18 cancelled and w; + w- is retained.

Here the w1 —wy component is kept while the wi +ws compo-
nent is indeed cancelled as is desired. The multiphase technique
can also be used to keep the wy 4+ ws component and cancel the
w1 — wo instead. This is done by inverting the phase offset of
one of the phase-shifted signals, i.e.,

Ywr+wo t

P-1

o TLTl TLTQ

_nzzoa<t+ o= 12)

B i i PAB,,
k=1m=1 2
x {cos((kwi + mws)t + 0 + ¢ )6[(k — m) mod P]
+ cos((kw1 — mws)t + O, — ¢ )6[(k + m) mod P]}.

1)

The resulting plot of intermodulation products on the (k, m)
plane is shown in Fig. 9.

The circuit for combining the multiphase products is depicted
in Fig. 10 for P phases (this figure does not explicitly show
the phase generation shift registers shown earlier in Fig. 4). The
products are summed simply by connecting the outputs of the
individual mixers at a common node.
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LUT 1

LUT 2

..

g
i

P-1

n=0

-

Zu[l +n 1—‘)[{7 + /71—3) + DC offset
P P

Fig. 10. Multiphase mixer with PP phases. Each LUT receives its inputs from
a different phase output of the shift registers.

TABLE I
ALL POSSIBLE NONNEGATIVE PRODUCTS OF THE APPROXIMATION FUNCTION
FOR TEST CIRCUIT (ALL NEGATIVE VALUES ARE EXACTLY NEGATIVE OF
POSITIVE VALUES LISTED)

ideal resistor network | approximation encoding
product approximation error of LUT
of product 03,02,01,00
1 1 0% 1,1,1,1
0.6180340 0.6180308 0.00052% 1,-1,1,1
0.3819660 0.3819692 0.00084% 0,0,0,1
0 0 0% 0,0,0,0
MKR 1.474 MHz
REF -17.7 dBm AT 18 dB -62.23 dBm
PEAK - T
LOG6
N I B L L L L)
dB/
Harmomcs due to drlvers
START @ H STOP 1.500 MHz

VBW 300 Hz SHP 50.8 sec

z
#RES BW 380 Hz

Fig. 11.
1 MHz.

Spectrum of a single phase mixer for input frequencies 551 kHz and

VL

As an example of the proposed optimization method, we con-
sidered the case in which a(¢) has N = 10 divisions of the
period. Thus, a(t) lacks harmonics 2,3, ..., 8, etc. We chose
B = 4 resistors and restricted the sum of the resistor ratios to
be within Mt = 60.

The solution to the optimization problem (17) yielded resistor
ratios po = 6, 1 = 7, pue = 12, and pg = 23, and, § = «/10.

Table I lists the resulting DAC outputs for generating positive
values of a(t)b(¢) (in this table we have removed the DAC’s
dc offset). Recall that the DAC produces values which occur
in oppositely signed pairs (for any resistor values, as long as
resistors are pairwise matched). Thus the negative values of the
DAC output are the exact negative of the positive values listed
in the table.

For these ideal resistor ratios, this DAC has an equivalent ac-
curacy of approximately 18 bits for producing the desired values
using only eight small-ratio resistors.

The complete mixer was implemented using the Xilinx Cool-
runner 2 CPLD and discrete resistors. We chose P = 5 phases.
Note that P = 5 and P = 10 ideally yield similar output
spectrum because a(t) and b(t) possess only odd harmonics.

MEASUREMENTS
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Fig. 12. MATLAB-simulated spectrum of a single phase mixer for input fre-
quencies 0.551 and 1 MHz.

MKR 570 kHz

REF -3.8 dBm AT 410 dB -61.22 dBm
PEAK n n n
LO6
10
dB/
HnRKER
570 kHz Harmomcs due to drlvers
‘-51.22 dBm
START 8 Hz STOP 1.500 MHz

#RES BW 300 Hx VBW 308 Hz SWP S8.0 sec

Fig. 13. Spectrum of 5-phase mixer for input frequencies 551 kHz and 1 MHz.
Note the presence of harmonics of the output frequency due to distortion from
the CMOS drivers.
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Fig. 14. MATLAB-simulated spectrum of a 5-phase mixer for input frequen-
cies 0.551 and 1 MHz.

This is because the multiphase (20) indicates that an intermod-
ulation product is present only if (k + m) mod P = 0 or
(k —m) mod P = 0. Since k £ m is always even, P = 5
and P = 10 yield similar results.

Fig. 11 shows the measured spectrum of the single-phase
mixer. The corresponding MATLAB simulation result is shown
in Fig. 12. Fig. 13 shows the measured spectrum for the mul-
tiphase mixer, when the desirable output component is the dif-
ference frequency. Fig. 14 shows the corresponding MATLAB
simulation results.

A. Discussion

Note that the measurement shows the presence of harmonics
of the desired output frequency wq — ws. These are most likely
due to the nonlinear source resistance of the CMOS buffers
driving the resistors; these drivers had significant source resis-
tance, particularly in the PMOS. These harmonics are much
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smaller in the measurement of the single phase mixer’s spec-
trum due to the fact that the output signal level is 5 times as
large for the 5-phase mixer. If we model the nonlinearity with
a Taylor series expansion, then the 2nd harmonic is determined
primarily by the quadratic term of the series. Then raising the
mixer’s output signal voltage by 5 times will raise the 2nd har-
monic voltage by 25 times. Thus, while the fundamental com-
ponent (the desired component) is raised by 20log 5 = 14 dB,
the 2nd harmonic is raised by 20 log 25 = 28 dB. Since the 2nd
harmonic is —51 dBc in the multiphase measurement, it would
be approximately —65 dBc in the single phase measurement.
Similar arguments apply for higher order harmonics.

The measurements, obtained with discrete-component test
circuits, demonstrate the feasibility of the proposed architec-
ture. The discrepancies between simulation and measurement
can be greatly reduced with monolithic implementation.

Due to better matching, one may consider using switched-ca-
pacitors (SC) rather than resistors in the nonlinear DAC. How-
ever, because the inputs to the mixer are two arbitrary frequen-
cies, their product will, in general, not be synchronous to a
clock. This precludes using SC techniques, as it would result
in both glitching and aliasing.

A current-mode nonlinear DAC is the best option as it has
fewer nonidealities compared to a voltage-mode DAC. As ob-
served earlier, the nonlinearity of the CMOS voltage buffers
resulted in the presence of harmonics at the output, since the
output signal modulates the buffers’ output resistance. Current-
steering provides for both fast switching and high spectral pu-
rity and can be implemented in standard CMOS processes [18].
In this case, one constructs the nonlinear DAC by choosing op-
timal transistor sizes rather than resistor sizes. The high current
draw of conventional linear current-steering DACs is greatly re-
duced for the nonlinear DAC, since far fewer current sources are
needed (an order of magnitude less). Such a DAC would show
greatly reduced effects of signal-dependent distortion observed
in measurements.

VII. CONCLUSION

We have presented a nearly digital frequency mixer. The
mixer utilizes nonlinear digital-to-analog conversion and mul-
tiphase intermodulation products cancellation to achieve high
SFDR. Due to the digital nature of its implementation and the
fact that no input analog filters are required, it can easily be
integrated in digital CMOS with minimal size and cost.

APPENDIX

The Appendix provides a proof of Prop. 1 of Section II.
Let d(t) be the periodic delta train with p; = p; moa N

d(t) = i pid(t —iT/N), (22)
Let Dy, be the kth Fourier series coefficient of d(¢), i.e.,
IR e ;
Dy = T,/Of ‘Z pid(t —iT/N)e~ kot t
1 Nt Z:_C.)o 4
=7 ) pie TN (23)

&
Il
o
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where wg = 27 /T. The last sum is the N-point DFT of the
partial sequence of p;, ¢ = 0,1,..., N — 1 and so from [19]

Dk :Dk mod N (24)

and

Dy, =D%_,. (25)

The Fourier transform of d(t) is

D(w) = i 21 Dpd(w — kwy).

k=—o00

Let f(t) = d(t) = h(t), where x denotes convolution and h(¢) is
an arbitrary function. Then

F(w)=D(w)H(w) = Y 2rDyH(kwo)8(w — kwp).

k=—o00

Let Fj, be the Fourier series coefficients for f(¢). Then

Now consider (26) when applied to the case where h(t) is a
rectangular pulse

1,
h(t) = {07
Then we have

H(w)= Zsin (%) i),

ift € [0,T/N)
otherwise.

27)

The phase shift term in (27) represents only an inconsequential
time delay, so we will neglect it in future equations. The convo-
lution of d(t) and h(t) yields a PPWC f(t) with uniform tran-
sition times

f) = > pih(t—iT/N).

1=—00

Thus, we can represent the PPWC function a(t) as a con-
volution of the delta train d(¢) with the rectangular pulse
h(t): a(t) = d(t) * h(t). Thus, we have the following:

Proposition 3: A PPWC function a(t) with period T' divided
into N partitions has complex Fourier series coefficients

Ak = DkH(kwg) (28)

where D), are Fourier series coefficients given by (23) and

H(kwy) = %sinc <%>

with sinc(z) = sin(z)/x.

Note that H(kwo) = 0 if and only if & is a nonzero integer
multiple of N. For a function without a dc component, Dy, = 0
for all £ that are integer multiples of N, so the locations of
null components of Ay, are determined by d(t) alone. Since we
are interested in signals without a dc component, we have that
A, =0« D =0whenk =0,1,...,N — 1.
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By using (24) and (25) the real PPWC function with the
fewest harmonics must have a d(t) with nonzero coefficients
D; and Dy_; = D7. Applying the inverse DFT to the vector
(0,D4,0,...,0,D7), we obtain

271 ny
; = cos | — ,
p N

where 6 € [0,27/N). Here 6§ € [0, 27 /N) rather than [0, 2)
because choosing § € [27/N,2x) is equivalent to some 6 €
[0,27/N).

By (24) and (25) the PPWC signal with coefficients of the
form (29) has nonzero discrete spectral components only at fre-
quencies (rN + 1)w and (rN — 1)w, where 7 is any integer.
This proves Prop. 1.

(29)
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