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Abstract—This paper proposes a new systematic methodol-

ogy to generate random sequences with pre-determined power 
spectral density and marginal probability density function 
using Price's theorem for the transformation of the autocorre-
lation function of jointly Gaussian random variables. Exam-
ples and MATLAB simulation illustrate the theory. 
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I. INTRODUCTION 
This work introduces a new methodology for generating 

wide-sense stationary random sequences with pre-
determined Power Spectral Density (PSD) and marginal 
Probability Density Function (PDF). The need for such non-
Gaussian random sequences arises in many technical areas 
including radars, sonars, and system identification [1].  

A random sequence { }ku  is fully characterized if for 
every positive integer n  and for every n-tuple of integers 

1 2 ... nk k k< < <  we know the PDF ( )
1 2 1 2, ,..., , ,...,

n nk k k k k kf u u u  

of the random vector ( )
1 2
, ,...,

nk k ku u u , [2]. This however is 
rarely possible or available and usually impractical. Instead, 
the PSD ( )us ω  (or equivalently the autocorrelation func-

tion) and the marginal PDF ( )f u  of ku  are two often 
available characteristics of Wide-Sense Stationary (WSS) 
random sequences { }ku . In this case the PSD is the Dis-

crete-Time Fourier Transform ( ) ( ) ik
u uk

s r k e ωω ∞ −
=−∞

=∑  of 

the autocorrelation function ( ) { }u k n kr n E += u u . 

Transforming the PDF can be done by passing the ran-
dom sequence through a (static) nonlinear function g  [2]. 
Shaping PSD is done typically by passing the random se-
quence through a Linear Time Invariant (LTI) filter H . 
Under some conditions, one can achieve each of the tasks. 
The problem is when both need to be done, because function 
g  changes the PSD [3] and the filter changes the PDF. 

 
Nevertheless, applying the two transformations is a natu-

ral choice and can be implemented computationally in an 
efficient way. However, since the output of an LTI filter 
tends to be Gaussian, especially when the order of the filter 
is high, this limits the options of shaping the PDF.  

Therefore, it makes sense to apply the filter first and 
then the nonlinear function as shown in Fig. 1. This is the 
choice of most researchers [4][7]; as is that of using a ran-
dom sequence of Independent and Identically Distributed 
(IID) Gaussian random variables { }ku  with ( )~ 0,1k Nu  as 
input. The challenge is to choose H  and g  so that both the 
desirable PSD and PDF at the output are achieved. Note that 
it is not always possible to achieve both PSD and PDF, in-
stead, in most cases an approximation is reached. Examples 
in the following section illustrate the concepts as well as the 
new approach to address the problem.  

II. TRANSFORMATIONS OF RANDOM SEQUENCES 
Random number generators can very efficiently generate 

independent and uniformly distributed pseudo-random se-
quences { }ku , which potentially can be transformed into 
random sequences of desirable PDF or PSD. The following 
discussion illustrates how this can be done. 

A. Transforming the PDF 

Let { }ku  be IID, uniformly distributed in [ 1,1]− , then 

its PSD is ( ) 1/ 3us ω = , independent of the frequency, and 

therefore white, while for every [ ]1,1u ∈ − , ( ) 1/ 2f u =  
and the Cumulative Distribution Function (CDF) is  

( ) ( 1) / 2uF u u= + .         (1) 

ku
kv

kw

 
Fig. 1: General approach for achieving a desirable PSD and PDF 



 

Getting a particular PDF using a random variable u , un-
iformly distributed in [ ]1,1− , can be done via a (static) 

transformation ( )g=v u . Let ( )vF v  be the desirable Cu-
mulative Density Function (CDF) of v . Assuming that g  is 
a strictly increasing function, the transformation implies 

( )( ) ( )v uF g u F u=  and therefore  

( ) ( )( )1
v ug u F F u−= .          (2) 

 Εq. (2) can be used constructively to determine the trans-
formation g  given the desirable CDF vF . Suppose for ex-
ample that we want to generate a random variable v  with 
standard normal distribution ( )0,1N  from a uniformly dis-
tributed random variable u . It is 

( ) 1 1 erf
2 2 2v

vF v ⎛ ⎞= + ⎜ ⎟
⎝ ⎠

            (3) 

with ( ) 2

0

2erf
x tx e dt

π
−= ∫  being the error function. Then 

from Eqs. (1) and (3) we get ( ) ( )12 erfg u u−= . Inversely, 

if ( )~ 0,1Nu  then we can generate a uniformly distributed 

random variable v  using ( )g=v u  with  

( ) ( )erf / 2g u u= .                     (4) 

B. Transforming the PSD 

 To generate a random sequence { }kv  of specific PSD 

one can start with a sequence { }ku  of Gaussian IID random 

variables with ( )~ 0,1k Nu . Then pass it through an LTI 
filter with (discrete time) transfer function H . This implies 

[2] ( ) ( ) ( )2
v us H sω ω ω=  but since here ( ) 1us ω = , we get 

( ) ( ) 2
vs Hω ω= . Therefore, by deriving a transfer function, 

using standard filter synthesis methods, with amplitude re-
sponse approximately equal to ( )vs ω  we can achieve the 
desirable PSD, at least approximately. 

The problem arises when we try to get both a desirable 
PSD and a desirable PDF. E.g. suppose that in the above 
case we have achieved the desirable PSD function vs  via 
the selection of the appropriate transfer function H .  

We know that { }kv  is also a stationary Gaussian random 
sequence with zero mean and autocorrelation (autocova-
riance) function [1] given by  

( ) ( )

( )

2

0

2 2

0

1
2
1

2

ik
v v

ik

r k s e d

H e d

π ω

π ω

ω ω
π

ω ω
π

=

=

∫

∫
. 

and so ( )( )~ 0, 0k vN rv . Transforming kv  to ( )k kg=w v  

and hoping to generate kw  with a desirable CDF (or equi-
valently PDF) we also change the spectral characteristics of 
it, i.e. the PSD of { }kw  is different from that of { }kv . The 
two spectra are related to each other but finding the relation-
ship can be tricky.  

III. REALIZING BOTH THE PDF AND THE PSD 
Consider the chain in Fig. 1. Throughout the rest of the 

paper we assume that { }ku  is a random sequence of Gaus-

sian IID random variables with ( )~ 0,1k Nu . Let the filter 

H  be causal and have impulse response { } 0n n
h ∞

=
. Then 

{ }kv  is also a zero-mean Gaussian random sequence with 
autocorrelation1 function 

( ) 0 nn kn
r k h h∞

+=
=∑v .          (5) 

Also, for technical reasons we require that the variance 
of { }kv  is one, i.e.,  

( )0 1r =v                 (6) 

which is equivalent to asking for  

2
0

1nn
h∞

=
=∑ .                         (7) 

 Suppose now that we want kw  to have the desirable 
PDF Fw . Since ( )~ 0,1k Nv  for every k  and ( )k kg=w v , 
following Fig. 1, we can use Eq. (2) here and choose 

( ) ( )( )1g v F F v−= w v  so that kw  has the desirable PDF Fw , 
where Fv  is given by Eq. (3). 

 Now that we have determined function g  we can freely 
choose filter H  as long as Eq. (7) is satisfied. Every such 
choice of H  maintains Fw . To achieve the desirable PSD, 
sw , of { }kw  we have to choose H  appropriately. Instead 
of sw  it is more convenient to work with the autocorrelation 

function ( ) ( )2
1

2 0

ikr k s e d
π ω

π ω ω= ∫w w  of { }kw . To do so, 

first we need to relate rw  to rv . To do so we use Price's 
Theorem [8] in contrast to the classical approach using 
Hermite polynomials and Mehler's expansion [7]. 

                                                           
1 Autocorrelation and autocovariance coincide for each of the random 
sequences { }ku  and { }kv  because they have zero mean. 



 

A. Price's Theorem for Autocorrelation Derivation  
Here we state Price's theorem and use it to establish the 

relationship between autocorrelation functions rw  and rv . 

Price's Theorem[8]: Let x  and y  be two jointly Gaus-
sian random variables with covariance ρ  (which is consi-
dered as a variable) and let 2:h → . Then   

( ){ } ( )2 ,
,

h
E h E

ρ
⎧ ⎫∂∂ ⎪ ⎪= ⎨ ⎬∂ ∂ ∂⎪ ⎪⎩ ⎭

x y
x y

x y
.     (8) 

Following the assumptions in the beginning of the sec-
tion about the random sequence { }kv , we note that it is  
stationary of zero mean and of unit variance and so for 
every n , k , the pair ( ),k n k+v v  has PDF [2], 

( )
( )

( )
( )( )

2 2

, 22

21, exp
2 12 1

k n k

x y r n xy
f x y

r nr nπ
+

⎛ ⎞+ −⎜ ⎟= −
⎜ ⎟−− ⎝ ⎠

v
v v

vv

.(9) 

To apply Price's theorem we start with ( )k kg=w v , see 

Fig. 1, and note that { }kw  is also wide sense stationary with 
autocorrelation function  

( ) { } ( ) ( ){ }

( ) ( ) ( ), ,
k n k

k n k k n kr n E E g g

g x g y f x y dxdy
+

+ +

∞ ∞

−∞ −∞

= =

= ∫ ∫

w

v v

w w v v
 

Considering the function ( ) ( ) ( ),h x y g x g y=  then we 

have ( ){ } ( ) ( ){ } ( ),k n k k n kE h E g g r n+ += = wv v v v  and so 

the left side of Eq. (8) is ( ) ( )/r n r n∂ ∂w v . Also, the right 

side of Eq. (8) is ( ) ( ) ( ){ }
2 ,k n k

k n k
k n k

h
E E g g+

+
+

⎧ ⎫∂⎪ ⎪ ′ ′=⎨ ⎬∂ ∂⎪ ⎪⎩ ⎭

v v
v v

v v
, 

where g′  is the derivative of g . Therefore Eq. (8) becomes 

( )
( ) ( ) ( ){ }k n k

r n
E g g

r n +

∂
′ ′=

∂
w

v

v v   (10) 

implying directly that ( ) ( ) ( ){ } ( )k n kr n E g g dr n+′ ′= ∫w vv v . 

If we further assume that function g  is odd, then it is 
{ } 0kE =w  for every k  and ( ) 0r n =v  implies ( ) 0r n =w  

and furthermore from Eq. (10) we have 

( ) ( ) ( ){ } ( )
( )

0

r n

k n kr n E g g dr n+′ ′= ∫
v

w vv v          (11) 

i.e., ( )r nw  is a function, say G , of ( )r nv , i.e., 

 ( ) ( )( )r n G r n=w v .                  (12) 

B. Examples of Application of Price's Theorem  
Hard quantization: Consider the case of signum function 
( ) ( )signg x x= . Then it is ( ) ( )2g x xδ′ =  and so  

( ) ( ){ } ( ) ( ) ( )

( )

,

2

4 ,

2

1

k n kk n kE g g x y f x y dxdy

r n

δ δ

π

+

∞ ∞

+
−∞ −∞

′ ′ =

=
−

∫ ∫ v v

v

v v

Since g  is odd, from Eq. (11) we get that  

( ) ( )( )12 sinr n r n
π

−=w v .                       (13) 

Uniform PDF output: Consider the case of the transfor-
mation in Eq. (4) resulting in random sequence { }kw  being 
uniformly distributed in [ ]1,1− . Again, g  is odd and using 
Eq. (11) we derive 

( ) ( )16 sin
2

r n
r n

π
− ⎛ ⎞

= ⎜ ⎟
⎝ ⎠

v
w .        (14) 

C. Proposed Algorithm 
Being able to determine the autocorrelation function rw  

of the random sequence { }kw  via ( ) ( )( )r n G r n=w v  and 
under the assumption that G  is invertible we can proceed 
inversely, i.e., consider the desirable rw  and use function 

1G−  to determine rv . Note however that function 1G r−
w  

needs: A) to be a legitimate autocorrelation function, and, 
B) ( )( )1 0 1G r− =w  because we have assumed that { }kv  has 

variance one. For (A) to be true 1G r−
w  needs to be a 

symmetric and positive semidefinite function [9]. However 
this is not always the case and 1G r−

w  is being approx-
imated by an eligible autocorrelation function. For (B) func-
tion rw  must be chosen so that ( ) ( ){ }20 kr E g=w v . The 
steps of the proposed algorithm are summarized below. 

 

1. Choose the desirable and strictly increasing CDF wF  
of the output random sequence { }kw . Define the 

transformation function ( ) ( )( )1g v F F v−= w v , see Fig. 

1,  where vF  is given by Eq. (3) 

2. Choose the desirable PSD ws  and convert it to the au-
tocorrelation function rw , or choose rw  directly.  

3. Normalize rw , i.e., replace rw  by ( ) ( )/ 0r k q rw w  

where ( ){ }2q E g= x with ( )~ 0,1Nx . 



 

4. Derive the desirable ( ) ( )( )1r n G r n−=v w  autocorrela-

tion of random sequence { }kv . 

5. Design the impulse response { } 0n n
h ∞

=
 of the filter H  

so that the autocorrelation function 
( ) 0 nn kn

r k h h∞
+=

=∑v  of { }kv  is a good match to rv . 

 

IV. EXAMPLES AND SIMULATION 
The algorithm in the previous section is used to derive 

the filter H  and function g  in Fig. 1 for the following two 
examples. As before we assume that the input random se-
quence { }ku  is Gaussian IID with ( )~ 0,1k Nu . 

 

 
Example 1: Suppose that we want to generate a uniform-

ly distributed random sequence with PSD that of a Band-
Stop Butterworth filter of 20th order with 1 0.2c sf f=  and 

2 0.3c sf f= , where sf  is the sampling frequency. Function 
g  is given by Eq. (4). The filter H  used for the approxima-
tion of the desirable autocorrelation rv  is an FIR filter with 
400 taps. The resulting PSD, sw , is shown in red in Fig. 2 

while the filter's response is shown in dashed blue. Fig. 3 
shows the histogram with 100 slots of the 800,000 samples 
of the computer-generated pseudo-random sequence { }kw . 

Example 2: Here we want to generate a uniformly distri-
buted random sequence with PSD that of a Low-Pass But-
terworth filter of 12th order with 1 0.5c sf f= . Again, the 
transformation function g  is given by Eq. (4) and the filter 
H  is an FIR one with 400 taps. The resulting PSD, sw , is 
shown in red in Fig. 4 and filter's response is shown in 
dashed blue. Fig. 5 shows the histogram with 100 slots of 
the 800,000 samples of the computer-generated pseudo-
random sequence { }kw . 

 

 

V. CONCLUSIONS 
 This work has studied the problem of generating random 
sequences with pre-determined power spectral density and 
marginal probability density function, which arises in nu-
merical simulation of radars, sonars, in system identification 
and other technical areas. A new systematic methodology, 
based on the Price's theorem, was presented and demon-
strated via numerical simulation examples.  
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